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We dedicate this article to Tamaz Kandelaki, who was a coauthor in an earlier version of this 
article, and passed away in 2012. We will remember him for his warm character and his 
perseverance in doing mathematics in difficult circumstances. 

Abstract. We compute the trace of an endomorphism in equivariant bivari- 
ant K-theory for a compact group G in several ways: geometrically using 
geometric correspondences, algebraically using localisation, and as a Hattori— 
Stallings trace. This results in an equivariant version of the classical Lefschetz 
fixed-point theorem, which applies to arbitrary equivariant correspondences, 
not just maps. 



1. Introduction 

Here we continue a series of articles by the last two authors about Euler character- 
istics and Lefschetz invariants in equivariant bivariant K-theory. These invariants 
were introduced in [TIlTHl - rTfi] . The goal is to compute Lefschetz invariants explicitly 
in a way that generalises the Lefschetz-Hopf fixed-point formula. 

Let X be a smooth compact manifold and / : X — > X a self-map with simple 
isolated fixed points. The Lefschetz-Hopf fixed-point formula identifies 

(1) the sum over the fixed points of /, where each fixed point contributes ±1 
depending on its index; 

(2) the supertrace of the Q- linear, grading-preserving map on K*(X) ® Q in- 
duced by /. 

It makes no difference in @ whether we use rational cohomology or K-theory 
because the Chern character is an isomorphism between them. 

We will generalise this result in two ways. First, we allow a compact group G to 
act on X and get elements of the representation ring R(G) instead of numbers. Sec- 
ondly, we replace self- maps by self-correspondences in the sense of [T5] ■ Sections [2] 
and [3] generalise the invariants ([!} and ^ respectively to this setting. The invariant 
of Section [5] is local and geometric and generalises |T]) above; the formulas in Sec- 
tions [3] and [I] are global and homological and generalise @ (in two different ways.) 
The equality of the geometric and homological invariants is our generalisation of 
the Lefschetz fixed-point theorem. 

A first step is to interpret the invariants ((TJ or (J2J) in a category-theoretic way 
in terms of the trace of an endomorphism of a dualisable object in a symmetric 
monoidal category. 

Let C be a symmetric monoidal category with tensor product and tensor unit 1 . 
An object A of C is called dualisable if there is an object A* , called its dual, and a 
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natural isomorphism 

C{A(g)B,C) ^C{B,A*®C) 

for all objects B and C of C. Such duality isomorphisms exist if and only if there 
are two morphisms 77 : 1 — > A (g> A* and ex A*® A — )■ 1, called unit and counit of the 
duality, that satisfy two appropriate conditions. Let / : A — > A be an endomorphism 
in C. Then the trace of / is the composite endomorphism 

t^A®A*^A*®A A* ® 4 A 1, 

where braid denotes the braiding isomorphism. In this article we also call the trace 
the Lefschetz index of the morphism. This is justified by the following example. 

Let C be the Kasparov category KK with its usual tensor product structure, 
A = C(X) for a smooth compact manifold X, and / £ KKo(A,A) for some mor- 
phism. We may construct a dual A* from the tangent bundle or the stable normal 
bundle of X. In the case of a smooth self- map of X, and assuming a certain transver- 
sality condition, the trace of the morphism / induced by the self-map equals the 
invariant ([!}, that is, equals the number of fixed-points of the map, counted with ap- 
propriate signs. This is checked by direct computation in Kasparov theory, see [13] 
for more general results. 

This paper springs in part from the reference [13| . A similar invariant to the 
Lefschetz index was introduced there, called the Lefschetz class (of the morphism). 
The Lefschetz class for an equivariant Kasparov endomorphism of X was defined as 
an equivariant K- homology class for X. The Lefschetz index, that is, the categorical 
trace, discussed above, is the Atiyah-Singer index of the Lefschetz class of [13] . 

The main goal of this article is to give a global, homological formula for the 
Lefschetz index generalising the invariant for a non-equivariant self-map. The 
formulation and proof of our homological formula works best for Hodgkin Lie groups. 
A more complicated form applies to all compact groups. The article [T3] also 
provides two formulas for the equivariant Lefschetz class whose equality generalises 
that of the invariants |T|) and @, but the methods there are completely different. 

The other main contribution of this article is to compute the geometric expres- 

Q 

sion for the Lefschetz index in the category kk of geometric correspondences 
introduced in [15] . This simplifies the computation in Kasparov's analytic theory 
in |13j and also gives a more general result, since we can work with general smooth 
correspondences rather than just maps. Furthermore, using an idea of Baum and 
Block in [3] , we give a recipe for composing two smooth equivariant correspondences 
under a weakening of the usual transversality assumption (of [5]). This technique 
is important for computing the Lefschetz index in the case of continuous group ac- 
tions, where transversality is sometimes difficult to achieve, and in particular, aids 
in describing equivariant Euler characteristics in our framework. 

Section [2] contains our geometric formula for the Lefschetz index of an equivari- 
ant self-correspondence. Why is there a nice geometric formula for the Lefschetz 
index of a self-map in Kasparov theory? A good explanation is that Connes and 
Skandalis [Sj describe KK-theory for commutative C*-algebras geometrically, in- 
cluding the Kasparov product; furthermore, the unit and counit of the KK-duality 
for smooth manifolds have a simple form in this geometric variant of KK. An 
equivariant version of the theory in [5] is developed in [TS]- In Section [3J we also 
recall some basic results about the geometric KK-theory introduced in [T5] . If X is 
a smooth compact G-manifold for a compact group G, then KK* (C(X), C(X)) is 

G 

isomorphic to the geometrically defined group kk, (X, X). Its elements are smooth 
correspondences 



(1.1) 



X £ (M, f ) A X 
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consisting of a smooth G-map b, a K^-oriented smooth G-map /, and £ G Kq(M). 
Theorem 12.181 computes the categorical trace, or Lefschetz index, of such a corre- 
spondence under suitable assumptions on b and /. 

Assume first that A has no boundary and that b and / are transverse; equiva- 
lently, for all m G M with f(m) = b(m) the linear map Db — Df: T m M — > Ty( m )A 
is surjective. Then 

(1.2) Q := {m G M | 6(m) = /(m)} 

is naturally a K^-oriented smooth manifold. We show that the Lefschetz index is 
the G-index of the Dirac operator on Q twisted by £|q G K g (Q) (Theorem 12. 18p . 
More generally, suppose that the coincidence space Q as defined above is merely 
assumed to be a smooth submanifold of M, and that x G TA and Df(£) = Db(£) 
implies that £ G TQ. Then we say that / and b intersect smoothly. For example, 
the identity correspondence, where / and b are the identity maps on X, does not 
satisfy the above transversality hypothesis, but / and b clearly intersect smoothly. 
In the case of a smooth intersection, the cokernels of the map Df — Db form a 
vector bundle on Q which we call the excess intersection bundle r\. This bundle 
measures the failure of transversality of / and b. Let n be Kg-oriented. Then TQ 
also inherits a canonical K^-orientation. The restriction of the Thom class of r] to 
the zero section gives a class e{rj) G K G (Q). 

Then Theorem 12.181 asserts that the Lefschetz index of the correspondence (jl.l|) 
with smoothly intersecting / and b is the index of the Dirac operator on the coin- 
cidence manifold Q twisted by £ ® e(rj). This is the main result of Section^ 

In Section[3]we generalise the global homological formula involved in the classical 
Lefschetz fixed-point theorem, to the equivalent situation. This involves completely 
different ideas. The basic idea to use Kiinneth and Universal Coefficient theorems 
for such a formula already appears in [9]. In the equi variant case, these theorems 
become much more complicated, however. The new idea that we need here is to 
first localise KK and compute the Lefschetz index in the localisation. 

In the introduction, we only state our result in the simpler case of a Hodgkin 
Lie group G. Then R(G) is an integral domain and thus embeds into its field 
of fractions F. For any G-C*-algebra A, K G (A) is a Z/2-graded R(G)-module. 
Thus K?(A;F) :=K?(A) <8>R(G) F becomes a Z/2-graded F- vector space. Assume 
that A is dualisable and belongs to the bootstrap class in KK G . Then K^(A;F) 
is finite-dimensional, so that the map on K t (A; F) induced by an endomorphism 
tp G KK G (A,A) has a well-defined (super)trace in F. Theorem 13.41 asserts that 
this supertrace belongs to R(G) C F and is equal to the Lefschetz index of tp. In 
particular, this applies if A = C(X) for a compact G-manifold. 

The results of Sections [5] and [3] together thus prove the following: 

Theorem 1.1. Let G be a Hodgkin Lie group, let F be the field of fractions o/R(G). 

Let X be a closed G-manifold. Let X <r- (M,£) -A- X be a smooth G-equivariant 
correspondence from X to X with £ G K G im _ 1111 (A); it represents a class 

G 

tp G kk (A, A). Assume that b and f intersect smoothly with Y^Q-oriented ex- 
cess intersection bundle n. Equip Q := {m G M \ b(m) = /(m)} with its induced 
Kg -orientation. 

Then the H,(G)-valued index of the Dirac operator on Q twisted by £|q (g) e{rj) is 
equal to the supertrace of the F -linear map on K^(A) <8>r(g) F induced by ip. 

If G is a connected Lie group, then there is a finite covering G -» G that is a 
Hodgkin Lie group. We may turn G-actions into G-actions using the projection map, 
and get a symmetric monoidal functor KK G — ► KK G . Since the map R(G) — > R(G) 
is clearly injective, we may compute the Lefschetz index of tp G KK G (A, A) by 
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computing instead the Lefschetz index of the image of ip in KKq(A,A). By the 
result mentioned above, this uses the induced map on K_ (A) <8> R ( G ) F, where F 

is the field of fractions of R(G). Thus we get a satisfactory trace formula for all 
connected Lie groups. But the result may be quite different from the trace of the 
induced map on K G (A) ®r(g) F. 

If G is not connected, then the total ring of fractions of G is a product of 
finitely many fields. Its factors correspond to conjugacy classes of Cartan subgroups 
in G. Each Cartan subgroup H C G corresponds to a minimal prime ideal pn 
in R(G). The quotient R(G)/p# is an integral domain and embeds into a field of 
fractions Fjj- We show that the map R(G) — > Fh maps the Lefschetz index of ip 
to the supertrace of ((p; Fh) ( Theorem 13. 23|) . It is crucial to use iJ-equivariant 
K-theory here. The very simple counterexample 13.71 shows that there may be two 
elements <pi,<p2 € KKq (A, A) with different Lefschetz index but inducing the same 
map on K G (A). 

Thus the generalisation of Theorem 11.11 to disconnected G identifies the image 
of the index of the Dirac operator on Q twisted by £|q <g> e(rj) under the canonical 
map R(G) — > Fh with the supertrace of the F^-linear map on Kq(X) <8r(G) Fh 
induced by ip, for each Cartan subgroup H. 

The trace formulas in Section [3] require the algebra A on which we compute 
the trace to be dualisable and to belong to an appropriate bootstrap class, namely, 
the class of all G-C*-algebras that are KK G -equivalent to a type I G-C*-algebra. 
This is strictly larger than the class of G-C*-algebras that are KK G -equivalent 
to a commutative one, already if G is the circle group (see ICQ. We describe 
the bootstrap class as being generated by so-called elementary G-C*-algebras in 
Section 13.11 This list of generators is rather long, but for the purpose of the trace 
computations, we may localise KK G at the multiplicatively closed subset of non- 
zero divisors in R(G). The image of the bootstrap class in this localisation has a 
very simple structure, which is described in Section [3.21 The homological formula 
for the Lefschetz index follows easily from this description of the localised bootstrap 
category. 

In Section HJ we give a variant of the global homological formula for the trace 
for a Hodgkin Lie group G. Given a commutative ring R and an i?-module M 
with a projective resolution of finite type, we may define a Hattori-Stallings trace 
for endomorphisms of M by lifting the endomorphism to a finite type projective 
resolution and using the standard trace for endomorphisms of finitely generated 
projective resolutions. This defines the trace of the R(G)-module homomorphism 
Kf(ip): K G (A) -> K G (A) in R(G) without passing through a field of fractions. 



2. Lefschetz indices in geometric bivariant K-theory 

Q 

The category kk introduced in [15] provides a geometric analogue of Kasparov 
theory. We first recall some basic facts about this category and duality in bivariant 
K-theory from [TH - HB] and then compute Lefschetz indices in it as intersection 
products. Later we are going to compare this with other formulas for Lefschetz 
indices. We also prove an excess intersection formula to compute the composition 
of geometric correspondences under a weaker assumption than transversality. This 
formula goes back to Baum and Block [3] . 

All results in this section extend to the case where G is a proper Lie groupoid 
with enough G- vector bundles in the sense of [HI Definition 3.1] because the theory 
in P3HH] is already developed in this generality. For the sake of concreteness, we 
limit our treatment here to compact Lie groups acting on smooth manifolds. 
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The results in this section work both for real and complex K-theory. For concrete- 
ness, we assume in our notation that we are dealing with the complex case. In the 
real case, K must be replaced by KO throughout. In particular, Kg-orientations 
(that is, G-equivariant Spin c -structures) must be replaced by KO G -orientations 
(that is, G-equivariant Spin structures). In some examples, we use the isomorphisms 

Q ^ Q _ 

KK 2 „(pt,pt) = R(G) and KK 2n+1 (pt, pt) = for all n £ Z. Here R(G) denotes the 
representation ring of G. Of course, this is true only in complex K-theory. 

2.1. Geometric bivariant K-theory. Like Kasparov theory, geometric bivari- 

Ct 

ant K-theory yields a category kk . Its objects are (Hausdorff) locally compact 
G-spaces; arrows from X to Y are geometric correspondences from X to Y in the 
sense of [T51 Definition 2.3]. These consist of 

M: a G-space; 

b: a G-map (that is, a continuous G-equivariant map) b: M — > X; 

£: a G-equivariant K-theory class on M with A-compact support (where we 

view M as a space over X via the map b); we write £ E FLKq x (M); 
/: a Kc-oriented normally non-singular G-map /: M —> Y. 

Equivariant K-theory with X-compact support and equivariant vector bundles are 
defined in [T^J Definitions 2.5 and 2.6]. If b is a proper map, in particular if M 
is compact, then RKq ^ (M) is the ordinary G-equivariant (compactly supported) 
K-theory K* G (M) of M. 

A KQ-oriented normally non-singular map from M to Y consists of 

V: a Kc-oriented G-vector bundle on M, 

E: a Kc-oriented finite-dimensional linear G-representation, giving rise to a 

trivial Kg-oriented G-vector bundle Y x E on Y, 
f: a G-equivariant homeomorphism from the total space of V to an open 

subset in the total space of F x _E, / : V Y x E. 

We will not distinguish between a vector bundle and its total space in our notation. 
A normally non-singular map / = (V, E, f) has an underlying map 

M^V^-YxE^Y, 

where the first map is the zero section of the vector bundle V and the third map 
is the coordinate projection. This map is called its "trace" in |14) . but we avoid 
this name here because we use "trace" in a different sense. The degree of / is 
d = dim V — dim E. A wrong- way element /, E KK^(C (M), C (Y)) induced by / 
is defined in [TH Section 5.3]). 

Our geometric correspondences are variants of those introduced by Alain Connes 
and Georges Skandalis in [B] . The changes in the definition avoid technical problems 
with the usual definition in the equivariant case. 

Q 

The (Z/2-graded) geometric KK- group kk„ (X,Y) is defined as the quotient 
of the set of geometric correspondences from X to Y by an appropriate equiva- 
lence relation, generated by bordism, Thom modification, and equivalence of nor- 
mally non-singular maps. Bordism includes homotopies for the maps b and / by 
15, Lemma 2.12]. We will use this several times below. The Thom modification al- 
lows to replace the space M by the total space of a Kc-oriented vector bundle on M. 
In particular, we could take the Kc-oriented vector bundle from the normally non- 
singular map /. This results in an equivalent normally non-singular map where 
/ : M — > Y is a special submersion, that is, an open embedding followed by a coor- 
dinate projection Y x E Y for some linear G-representation E. Correspondences 
with this property are called special. 
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The composition in kk is defined as an intersection product (see Section I2~2"j) if 

the map / : M —> Y is such a special submersion. This turns kk into a category; 
the identity map on X is the correspondence with f = b — idx and £ = f . The 

Q 

product of G-spaces provides a symmetric monoidal structure in kk (see [151 
Theorem 2.27]). 

There is an additive, grading-preserving, symmetric monoidal functor 

kk? (X, Y) -> KK? (C (X), COO)- 

This is an isomorphism if X is normally non-singular by [151 Corollary 4.3], that 
is, if there is a normally non-singular map X — > pt. This means that there is a 
G-vector bundle V over X whose total space is G-equivariantly homeomorphic to 
an open G-invariant subset of some linear G-space. In particular, by Mostow's 
Embedding Theorem smooth G-manifolds of finite orbit type are normally non- 
singular (see [21 Theorem 3.22]). 

Stable Kc-orientations play an important technical role in our trace formulas and 
should therefore be treated with care. A Kg- orientation on a G-vector bundle V 
is, by definition, a G-equivariant complex spinor bundle for V. (This is equivalent 
to a reduction of the structure group to Spin c .) Given such Ko-orientations on V\ 
and V2, we get an induced Ko-oricntation on V\ © V2; conversely, Kg-orientations 
on V\ © V2 and V\ induce one on V% . 

Let £ 6 RKq(M) be represented by the formal difference [Vi] — [V2] of two 
G-vector bundles. A stable orientation on £ means that we are given another 
G-vector bundle V 3 and K^-orientations on both V\ © V 3 and V2 © V 3 . Since 
£ = [Vi V3] — [V2 © V 3 ] , this implies that £ is a formal difference of two K^-oriented 
G-vector bundles. Conversely, assume that £ = [Wx] — [W2] with two Kc-oriented 
G-vector bundles; then there are G-vector bundles V3 and W 3 such that Vi © V3 = 
Wj©W3 for £ = 1,2; since W 3 is a direct summand in a Kc-oriented G-vector bundle, 
we may enlarge V 3 and W 3 so that W 3 itself is Kg-oriented. Then Vi®V 3 = Wi©W 3 
for i = 1,2 inherit Ko-orientations. Roughly speaking, stably K^-oriented K-theory 
classes are equivalent to formal differences of K^-oriented G-vector bundles. 

A K^-orientation on a normally non-singular map / = (V, E, /) from M to Y 
means that both V and E are K^-oriented. Since "lifting" allows us to replace E by 
E®E' and V by V® (M x E'), we may assume without loss of generality that E is 
already Kc-oriented. Thus a Ko-orientation on / becomes equivalent to one on V. 
But the chosen Kc-orientation on E remains part of the data: changing it changes 
the Kg-orientation on /. By [TH Lemma 5.13], all essential information is contained 
in a Kc-orientation on the formal difference [V] — [M x E] € KK G (M), which we 
call the stable normal bundle of the normally non-singular map /. If [V] — [M x E] 
is Kc-oriented, then we may find a G-vector bundle V 3 such that V © V3 and (M x 
E) © V 3 are Kg-oriented. Since (M x E) © V 3 is a direct summand in a Kc-oriented 
trivial G-vector bundle, we may assume without loss of generality that V 3 itself is 
trivial, V3 = M x E' , and that already E © E 1 is Kc-oriented. Lifting / along E' 
then gives a normally non-singular map (V © (M x £"), S © E' , f x idg'), where 
both V © (M x E 1 ) and E ® E' are Kc-oriented. Thus a Kc-orientation on / is 
equivalent to a stable Kg-orientation on the stable normal bundle of /. 

Lemma 2.1. If f = (V,E, /) is a smooth normally non-singular map with under- 
lying map f: M — > Y, then its stable normal bundle is equal to f*[TY] — [TM] G 
RK^(M). 

Proof. The tangent bundles of the total spaces of V and Y x E are TM © V and 
TY © ^. respectively. Since / is an open embedding, f*(TY ©£■) = TM © V. This 
implies f*(TY) © (M xE) = TM © V. Thus [V] - [M X E) = f*[TY] - [TM]. □ 
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This lemma also shows that the stable normal bundle of / and hence the ori- 
entability assumption depend only on the equivalence class of /. 

Another equivalent way to describe stable K^-orientations is the following. Sup- 
pose we are already given a G- vector bundle W on Y such that TY®V is Kg-oriented. 
Then a stable K^-orientation on / is equivalent to one on 

[f*V © TM] = f*[TY ®V]- (/* [TF] - [TM]), 

which is equivalent to a Kg-orientation on f*V © TM in the usual sense. 

If X and Y are smooth G-manifolds (without boundary), we may require the 
maps b and / and the vector bundles V and E to be smooth. This leads to a smooth 

Q 

variant of KK . This variant is isomorphic to the one defined above by [151 Theorem 
4.8] provided X is of finite orbit type and hence normally non-singular. 
Working in the smooth setting has two advantages. 

First, assuming M to be of finite orbit type, [TH Theorem 3.22] shows that any 
smooth G-map / : M — > Y lifts to a smooth normally non-singular map that is 
unique up to equivalence. Thus we may replace normally non-singular maps by 
smooth maps in the usual sense in the definition of a geometric correspondence. 
Moreover, Nf = f*[TY] — [TM], so / is K^-oriented if and only if there are 
K G -oriented G- vector bundles V\ and V 2 over M with /* [TY] © Vi = TM © V 2 
(compare [HI Corollary 5.15]). 

Secondly, in the smooth setting there is a particularly elegant way of composing 
correspondences when they satisfy a suitable transversality condition, see [151 Corol- 
lary 2.39]. This description of the composition is due to Connes and Skandalis [B]. 

2.2. Composition of geometric correspondences. By [T51 Theorem 2.38], a 
smooth normally non-singular map lifting / : M\ — > Y and a smooth map b : M 2 — > 
Y are transverse if 

D m J{T mi M x ) + D m2 b(T„ l2 M 2 ) = T y Y 

for all mi 6 Mi, m 2 € M 2 with y := /(mi) = b{m 2 ). Equivalently, the map 

Df-Db: prJ(TAfi) © pr*(TAf 2 ) -> (/ o pt^TY) 

is surjective; this is a bundle map of vector bundles over 

Mi x Y M 2 := {(mi, TTia) | /(mi) = b{m 2 )}, 

where p^ : Mi Xy M 2 — > Mi and pr 2 : Mi Xy M 2 — > M 2 denote the restrictions 
to Mi Xy M 2 of the coordinate projections. (We shall always use this notation for 
restrictions of coordinate projections.) 

A commuting square diagram of smooth manifolds is called Cartesian if it is 
isomorphic (as a diagram) to a square 

Mi x y Mi P " 2 > M 2 
P r i / 
Mi b > Y 



where / and b are transverse smooth maps in the sense above; then Mi Xy M 2 is 
again a smooth manifold and pi 1 and pr 2 are smooth maps. 

The tangent bundles of these four manifolds are related by an exact sequence 
(2.1) 

-> T(Mi xy M a ) (gp '' 1,IJpr2) ) prJ(TMi) © pr^(TM 2 ) Df ~ Db ) (/ o pr^TY -> 0. 
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That is, T(Mi x y M 2 ) is the sub-bundle of prJ(TMi) © pr|(TM 2 ) consisting of 
those vectors (mi,£,m 2 ,?7) £ TMi©TJW 2 (where /(mi) = 6(7712)) with D mi f(£) = 
D m2 b(n). We may denote this bundle briefly by TMi ® T y TM 2 . 
Furthermore, from (12. ip . 

(2.2) T(Mi x y M 2 ) - pr£(TM 2 ) - prJ(TMi - /*(TF)) 

as stable G- vector bundles. Thus a stable K^-orientation for TMi — f*(TY) may be 
pulled back to one for T(Mi x y M 2 ) — pr^TM^). More succinctly, a K^-orientation 
for the map / induces one for pr 2 . 

Now consider two composable smooth correspondences 




with K-theory classes & e RK^ x (Mi) and £ 2 £ RK^ r (M 2 ). We assume that 
the pair of smooth maps (/1, 6 2 ) is transverse. Then there is an essentially unique 
commuting diagram 




where the square is Cartesian. We briefly call such a diagram an intersection 
diagram for the two given correspondences. 

By the discussion above, the map pr 2 inherits a K^-orientation from /1, so that 
the map / := / 2 o pr 2 is also Kc-oriented. Let M := Mi Xy M 2 and b :— b\ o pr x . 
The product £ := pr*(£i)(g>pr 2 (£ 2 ) belongs to RK^ X (M), that is, it has X-compact 
support with respect to the map b: M — > X . Thus we get a G-equivariant correspon- 
dence (M, b, /, £) from X to Y\ The assertion of [T51 Corollary 2.39] - following [5] 
- is that this represents the composition of the two given correspondences. It is 
called their intersection product. 

Example 2.2. Consider the diagonal embedding 5: X —> X x X and the graph 
embedding /:I->IxI, n-> (x,f(x)), for a smooth map /: X — > X. These 
two maps are transverse if and only if / has simple fixed points. If this is the case, 
then the intersection space is the set of fixed points of /. If, say, / = idx, then 5 
and / are not transverse. 

To define the composition also in the non-transverse case, a Thorn modification 
is used in [TS] to achieve transversality (see [13 Theorem 2.32]). Take two com- 
posable (smooth) correspondences as in (|2.3[) . and let /1 = (Vi,i?i,/i) as a nor- 
mally non-singular map. By a Thorn modification, the geometric correspondence 

X (Mi,£) — ^ Y is equivalent to 

(2.5) X < J- (V u t Vi ® tt^O — i ► K, 

where 71"^ : Vi — > M\ and tte-i '■ Y x — > Y are the bundle projections, and ry x S 
RKq m (Vi) is the Thorn class of V\ . We write £g> for the multiplication of K-theory 
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classes. The support of such a product is the intersection of the supports of the 
factors. Hence the support of Ty x <8> £ is an X-compact subset of Vi. 

The forward map V\ — > Y in (|2.5|) is a special submersion and, in particular, 
a submersion. As such it is transverse to any other map b 2 : M 2 Y. Hence 
after the Thorn modification we may compute the composition of correspondences 
as an intersection product of the correspondence (|2.5|) with the correspondence 

Y A M 2 A Y. This yields 

(2.6) X ^™ (Vi x y ilfc.prfefo (8^(0)) ^ Z, 
where 

Vi x y M 2 ■= {(x,v,m 2 ) e Vi x M 2 | (tt Ei ° fi)(x,v) = b 2 (m 2 )} 

and pr x : Vi Xy M2 — > V\ and pr 2 : Vi Xy M2 — ^ M2 are the coordinate projections. 
The intersection space Vi Xy M 2 is a smooth manifold with tangent bundle 

TV! ©ty TM 2 := prKTVO © C7r ^ o/l) , (Tr) pr2(TM a ), 

and the map pr 2 is a submersion with fibres tangent to E\. Thus it is Kfj-oriented. 

This recipe to define the composition product for all geometric correspondences 
is introduced in |15j . It is shown there that it is equivalent to the intersection 
product if fi and b 2 are transverse. But the space V± Xy M 2 has high dimension, 
making it inefficient to compute with this formula. And we are usually given only 
the underlying map j\ : Mi — > Y , not its factorisation as a normally non-singular 
map - and the latter is difficult to compute. We will weaken the transversality 
requirement in Section [2. 51 The more general condition still applies, say, if /1 = b 2 . 
This is particularly useful for computing Euler characteristics. 

2.3. Duality and the Lefschetz index. Duality plays a crucial role in [T5] in 
order to compare the geometric and analytic models of equivariant Kasparov theory. 
Duality is also used in [TBI Definition 4.26] to construct a Lefschetz map 

(2.7) C: KK?(C(X),C(X)) ^ KK?(C(A), C), 

for a compact smooth G- manifold X. We may compose C with the index map 
KK?(C(X),C) -> KK? (C,C) = R(G) to get a Lefschetz index L-ind(/) € R(G) 
for any / G KK* (C(X), C(X)). This is the invariant we will be studying in this 
paper. 

This Lefschetz map C is a special case of a very general construction. Let C be 
a symmetric monoidal category. Let A be a dualisable object of C with a dual A*. 
Let rj : 1 -» A ® A* and e : A* ® A -> t be the unit and counit of the duality. 
Being unit and counit of a duality means that they satisfy the zigzag equations: 
the composition 

(2.8) ^^A®A*®A^>A 

is equal to the identity idyt : A — > A, and similarly for the composition 

(2.9) A* ^l^A*®A®A* 1^1+ A *. 

If C is Z-graded, then we may allow dualities to shift degrees. Then some signs are 
necessary in the zigzag equations, see [T61 Theorem 5.5]. 

Given a multiplication map m : A ® A — > A, we define the Lefschetz map 

C: C(A,A) -+C(A,1) 

by sending an endomorphism / : A — > A to the composite morphism 
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This depends only on m and /, not on the choices of the dual, unit and counit. For 
/ = id,4 we get the higher Euler characteristic of A in C(A, 1). 

While the geometric computations below give the Lefschetz map as defined above, 
the global homological computations in Sections [3] and [3] only apply to the following 
coarser invariant: 

Definition 2.3. The Lefschetz index L-ind(/) (or trace tr(/)) of an endomorphism 
/ : A — > A is the composite 

(2.10) 1 ^ A ® A* ^ A*® A id - 4 ' 8/ > A* ® A A 1, 

where braid denotes the braiding. The Lefschetz index of id a is called the Euler 
characteristic of A. 

If A is a unital algebra object in C with multiplication m : A ® A — > A and unit 
u: 1 —> A, then L-ind(/) = £(/) o u. In particular, the Euler characteristic is the 
composite of the higher Euler characteristic with u. 

Q 

In this section, we work in C = kk for a compact group G with 1 = pt and 
® = X. In Section [3J we work in the related analytic category C — KK G with 
1 = C and the usual tensor product. 

We will show below that any compact smooth G-manifold X is dualisable in 

Q 

kk . The multiplication m: X x X — )■ X and unit u: pt — > X are given by the 
geometric correspondences 

XxX<^X^X, pt^X^X 

with A(x) — (x,x); these induce the multiplication *-homomorphism m: C(X x 
X) = C(X) ® C(X) -> C(X) and the embedding C -> C(X) of constant functions. 
Composing with u corresponds to taking the index of a K-homology class. 

Remark 2.4. In [TT1I131I16] Lefschetz maps are also studied for non-compact spaces X, 
equipped with group actions of possibly non-compact groups. A non-compact 

G 

G-manifold X is usually not dualisable in kk , and even if it were, the Lefschetz 
map that we would get from this duality would not be the one studied in [fTlfTBTTo] . 

2.4. Duality for smooth compact manifolds. We are going to show that com- 
pact smooth G-manifolds are dualisable in the equivariant correspondence the- 
ory kk . This was already proved in [15] . but since we need to know the unit 
and counit to compute Lefschetz indices, we recall the proof in detail. It is of some 
interest to treat duality for smooth manifolds with boundary because any finite 
CW-complex is homotopy equivalent to a manifold with boundary. 

In case X has a boundary dX, let X :— X\dX denote its interior and let l: X — » 
X denote the inclusion map. The boundary dX C X admits a G-equivariant collar, 
that is, the embedding dX — > X extends to a G-equivariant diffcomorphism from 
dX x [0, 1) onto an open neighbourhood of dX in X (see also [THl Lemma 7.6] 
for this standard result). This collar neighbourhood together with a smooth map 
[0, 1) — > (0, 1) that is the identity near 1 provides a smooth G-equivariant map 
p: X — > X that is inverse to i up to smooth G-homotopy. Furthermore, we may 
assume that p is a diffeomorphism onto its image. 

If X has no boundary, then X = X, i = id, and p = id. 

The results about smooth normally non-singular maps in [T3] extend to smooth 
manifolds with boundary if we add suitable assumptions about the behaviour near 
the boundary. We mention one result of this type and a counterexample. 

Proposition 2.5. Let X and Y be smooth G-manifolds with X of finite orbit 
type and let f: X — > Y be a smooth map with f(dX) C dY and f transverse 
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to dY . Then f lifts to a normally non-singular map, and any two such normally 
non-singular liftings of f are equivalent. 

Proof. Since X has finite orbit type, we may smoothly embed X into a finite- 
dimensional linear G-representation E. Our assumptions ensure that the resulting 
map X — > Y x E is a smooth embedding between G-manifolds with boundary 
in the sense of [HI Definition 3.17] and hence has a tubular neighbourhood by 
[T4l Theorem 3.18]. This provides a normally non-singular map X —> Y lifting /. 
The uniqueness up to equivalence is proved as in the proof of [H] Theorem 4.36] . □ 

Example 2.6. The inclusion map {0} — > [0, 1) is a smooth map between manifolds 
with boundary, but it does not lift to a smooth normally non-singular map. 

Let X be a smooth compact G-manifold. Since X has finite orbit type, it embeds 
into some linear G-representation E. We may choose this G-representation to be 
Kc-oriented and even-dimensional by a further stabilisation. Let NX -» X be 
the normal bundle for such an embedding X — > E. Thus TX © NX = X x E is 
G-equivariantly isomorphic to a Kc-oriented trivial G-vector bundle. 

Theorem 2.7. Let X be a smooth compact G-manifold, possibly with boundary. 

Q a 

Then X is dualisable in KK, with dual NX, and the unit and counit for the duality 
are the geometric correspondences 

pt ^ X XxNX, NXxX NX -> pt, 

where £: X — > NX is the zero section, p: X — > X is some G-equivariant collar 
retraction, n : NX — ¥ X is the bundle projection, and t : X — > X the identical 
inclusion. The K-theory classes on the space in the middle are the trivial rank-one 
vector bundles for both correspondences. 

Proof. First we must check that the purported unit and counit above are indeed 
geometric correspondences; this contains describing the Kc-orientations on the 
forward maps, which is part of the data of the geometric correspondences. 

The maps X — y pt and NX — > NX x X above are proper. Hence there is 
no support restriction for the K-theory class on the middle space, and the trivial 
rank-one vector bundle is allowed. 

By the Tubular Neighbourhood Theorem, the normal bundle NX of the em- 
bedding X — > E is diffeomorphic to an open subset of E. This gives a canonical 
isomorphism between the tangent bundle of NX and E. We choose this isomor- 
phism and the given Kc-orientation on the linear G-representation E to K^-orient 
NX and thus the projection NX — > pt. With this Kg-orientation, the counit 

NX x X <^' d '' 7r " > NX — > pt is a G-equivariant geometric correspondence - even a 
special one in the sense of [15] . 

We identify the tangent bundle of X x NX with TX x TX © NX in the obvious 
way. The normal bundle of the embedding (id, (p) : X — >• X x NX is isomorphic to 
the quotient of TX ® p* (TX)® p* (NX) by the relation (f, Dp(£_), 0) - for £ E TX. 
We identify this with TX © NX S X x E by (£i, £ 2 , v) ^ (-Dp _1 (6) - 6b Dp' 1 ^)) 
for £i G T X X, 6 T p ^X, J] e p*(NX) x = N p{x) X. With this K G -orientation on 
(id, C/o), the unit above is a G-equivariant geometric correspondence. A boundary 
of X, if present, causes no problems here. The same goes for the computations 
below: although the results in [15 are formulated for smooth manifolds without 
boundary, they continue to hold in the cases we need. 

We establish the duality isomorphism by checking the zigzag equations as in 
[161 Theorem 5.5]. This amounts to composing geometric correspondences. In the 
case at hand, the correspondences we want to compose are transverse, so that they 
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may be composed by intersections as in Section [2.21 Actually, we are dealing with 
manifolds with boundary, but the argument goes through nevertheless. We write 
down the diagrams together with the relevant Cartesian square. 
The intersection diagram for the first zigzag equation is 



(2.11) 




X. 



The square is Cartesian because (x, y, z, (w, v)) G l 3 xNl satisfies (x, (p(x),0), y) — 
(z, (w, is), w) if and only if y = p(x), z = x, w = p(x), and is = for some x G X. 
The Kc-orientation on the map (id, £p) described above is chosen such that the 
composite map / := p^ o (id, <^p) = id carries the standard Kc-orientation. The 
map b :— pr 2 o (id, ip) = up is properly homotopic to the identity map. Hence the 
composition above gives the identity map on X as required. 
The intersection diagram for the second zigzag equation is 



(2.12) 




NX x X 



NX 




NX 



Co; ij& 
NX x X x NX 





NX x NX 



NX 



because ((x, is), y, (w, p), (z, n)) G NX x X x (NX) 2 satisfy 

{{x, v), y, (p{y), 0)) = ((w, p),w, (z, «)) 

if and only if (w, p) = (x, v), y = x, z = p(x), k = for some (x, v) S NX. 

The map (id, Cpir) is smoothly homotopic to the diagonal embedding 5 : NX — > 
NX x NX. Replacing (id, (pir) by S gives an equivalent geometric correspondence. 
The Kc-orientation on the normal bundle of (id, (ptt) that comes with the composi- 
tion product is transformed by this homotopy to the KG-orientation on the normal 
bundle of the diagonal embedding that we get by identifying the latter with the 
pull-back of E by mapping 

(£i,m,6,%) G T (x>C)XiC) (Ni x NX) = T X X®N X X x T X X x N X X = E x x E x 

to (£2 — £ij??2 — Vi) G E x . Since E has even dimension, changing this to (£1 — 
£2, ?7i — V2) does not change the K^-orientation. Hence the induced K^-orientation 
on the fibres of -Dpr 2 is the same one that we used to Kg-orient pr 2 . The induced 
Kc-orientation on pr 2 o 8 = id is the standard one. Thus the composition in (|2.12|) 
is the identity on NX. □ 

Corollary 2.8. Let X be a compact smooth G-manifold and let Y be any locally 

G 

compact G-space. Then every element of kk, (X, Y) is represented by a geometric 
correspondence of the form 



X 4^^1 NXxY^Y, £ G K^(NX x Y), 
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and two such correspondences for G Kq(NX x Y) give the same element of 

KK?(X, Y) if and only if £1 = £ 2 - Here pr x : NX xY-> NX and pr 2 : NX x Y -4 Y 
are i/ie coordinate projections and lot:: NX -> I C I is as above. 

Proof. Duality provides a canonical isomorphism 

K^(NX x Y) £ kk? (pt,NX x Y) = rac? (X,Y). 

It maps £ G Kg (NX x Y) to the composition of correspondences described by the 
following intersection diagram: 




with the K-theory class £ on NX x Y. Hence it involves the maps ltv : NX x Y — >• X 
and pr 2 : NX x Y Y. □ 

If X is, in addition, Kg-oriented, then the Thorn isomorphism provides an iso- 
morphism NX = X in KK t (which has odd parity if the dimension of X is odd). 
A variant of Corollary 12.81 yields a duality isomorphism 

K^ +dim(X) (X x Y) = kk? (X, Y), 

which maps £ G K^(X x Y) to the geometric correspondence 

X X x Y ^ Y, £ G K^(X x Y). 


Hence any element of kk 4 (X, Y) is represented by a correspondence of this form. 
If X is K^-oriented and has no boundary, this becomes 

1^1x7^7, £ G K^(X x Y). 

These standard forms for correspondences are less useful than one may hope at 
first because their intersection products are no longer in this standard form. 

2.5. More on composition of geometric correspondences. With our geomet- 
ric formulas for the unit and counit of the duality, we could now compute Lefschetz 
indices geometrically, assuming the necessary intersections are transverse. While 
this works well, say, for self-maps with regular non-degenerate fixed points, it fails 
badly for the identity correspondence, whose Lefschetz index is the Euler character- 
istic. Building on work of Baum and Block [1] , we now describe the composition as a 
modified intersection product under a much weaker assumption than transversality 
that still covers the computation of Euler characteristics. 

Definition 2.9. We say that the smooth maps f\ : M\ — > Y and 62 : -M2 — > Y 

intersect smoothly if 

M := Mi x y M 2 

is a smooth submanifold of M\ x M 2 and any (£1 , £ 2 ) G TM 1 x TM 2 with Df\ (£1 ) = 
Db 2 (&) G TY is tangent to M. 

If f\ and 62 intersect smoothly, then we define the excess intersection bun- 
dle r](fi, 62) on M as the cokernel of the vector bundle map 

(2.13) (Df 1 ,-Db 2 ): prftTMO 0prS(TM 2 ) -> f (TY), 

where f '■= fi ° P T i = b 2 o pr 2 : M — > Y . 
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If the maps /i and 6 2 are G-equivariant with respect to a compact group G, then 
the excess intersection bundle is a G-vector bundle. 
We call the square 

pr 2 



M 



M 2 



Mi 



b 2 



fi 



Y 



n-Cartesian if f± and 62 intersect smoothly with excess intersection bundle 77. 

If M is a smooth submanifold of Mi x M 2 , then TM C T(Mi x M 2 ); and if 
(6,6) G T(Mi x M 2 ) is tangent to M, then £>/i(6) = £>&2(6) in Ty - These 
pairs (6 , 6) form a subspace of T(Mi x M 2 )|m = prJTMi © P4TM2, which in 
general need not be a vector bundle, that is, its rank need not be locally constant. 
The smooth intersection assumption forces it to be a subbundle: the kernel of the 
map in (|2.13[) . Hence the excess intersection bundle is a vector bundle over M, and 
there is the following exact sequence of vector bundles over M: 



(2.14) -> TM ->■ pr^TMi) © pr*(TM 2 ) 



(Dfi-Db 2 ) 



> (fiopr 1 )*{TY)^r 1 ^0. 



Example 2.10. Let Mi = M2 = X and let /1 = 62 = i : X — » y be an injective 
immersion. Then Mi Xy M 2 = X is the diagonal in Mi x M 2 = X 2 , which is 
a smooth submanifold. Furthermore, if (£u6) G TMi x TM 2 satisfy £)/i(6) = 
Z?6 2 (6)i then 6 = 6 because £>i: TM — >■ TY is assumed injective. Hence Mi 
and M2 intersect smoothly, and the excess intersection bundle is the normal bundle 
of the immersion i. 




Figure 1 . Four possible configurations of two circles in the plane 

Example 2.11. Let Mi and M 2 be two circles embedded in Y = M 2 . The four 
possible configurations are illustrated in Figure [TJ 

(1) The circles meet in two points. Then M = {pi,P2} and the intersection is 
transverse. 

(2) The two circles are disjoint. Then M = and the intersection is transverse. 

(3) The two circles are identical. Then M = Mi = M 2 . The intersection is not 
transverse, but smooth by Example 12.101 the excess intersection bundle is 
the normal bundle of the circle, which is trivial. 

(4) The two circles touch in one point. Then M := Mi Xy M2 = {p}, so 
that the tangent bundle of M is zero-dimensional. But T p Mi n T p M2 is 
one-dimensional because T p Mi = T p M 2 . Hence the embeddings do not 
intersect smoothly. 

Remark 2.12. The maps /: Mi — > Y and b: M2 — > Y intersect smoothly if and 
only if / x b: Mi x M 2 — > Y x Y and the diagonal embedding Y — > Y x Y intersect 
smoothly; both pairs of maps have the same excess intersection bundle. Thus 
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we may always normalise intersections to the case where one map is a diagonal 
embedding and thus an embedding. 

Example 2.13. Let 77 be a Kc-oriented vector bundle over X. Let Mi = M 2 — X, 
Y = 77, and let fx = b 2 = C : Y V be the zero section of 77. This is a special case 
of Example 12.101 The maps fx and b 2 intersect smoothly with excess intersection 
bundle 77. 

In this example it is easy to compose the geometric correspondences X — X — x rj 
and 77 <— X = X. A Thorn modification of the first one along the K^-oriented vector 
bundle r\ gives the special correspondence 

x <~ (v, T v) = V, 

where t v € RK g x(v) i s the Thorn class of 77. The intersection product of this 

Q 

with i]^X = XisX = (X, C*(tij)) = A, that is, it is the class in kk, {X, X) of 
C*(tti) € KKq(X). This K-theory class is the restriction of r n to the zero section 
of 77. By the construction of the Thorn class, it is the K-theory class of the spinor 
bundle of 77. 

Definition 2.14. Let 77 be a K^-oriented G-vector bundle over a G-space X. Let 
£: X — > 77 be the zero section and let r j; 6 RK^ xiv) be the Thorn class. The Euler 
class of 77 is C*( T r?)> the restriction of t v to the zero section. 

By definition, the Euler class is the composition of the correspondences pt 4— 
X — x 77 and 77 <— X = X involving the zero section £ : X — > 77 in both cases. 

Example 2.15. Assume that there is a G-equivariant section s: X — > 77 of 77 with iso- 
lated simple zeros; that is, s and £ are transverse. The linear homotopy connects s 
to the zero section and hence gives an equivalent correspondence 77 4^ X = X . Since 
s and C are transverse by assumption, the composition is X Z — > X , where Z is 
the zero set of s and the maps Z — > X arc the inclusion map, suitably Kg-oriented. 

Example 2.16. Let M x = S 1 , M 2 = S 2 ,Y = K 3 , b 2 : M 2 -> K 3 be the standard 
embedding of the 2-sphere in R 3 , and let /1 : Mi — > M 2 — > K 3 be the embedding 
corresponding to the equator of the circle. Then Mi Xy M 2 = Mi x m 2 M 2 = M±, 
embedded diagonally into Mi X Mi C Mi x M 2 . This is a case of smooth intersection. 
The excess intersection bundle is the restriction to the equator of the normal bundle 
of the embedding b 2 . This is isomorphic to the rank-one trivial bundle on S 2 . Hence 
the Euler class e{rf) is zero in this case. 

Theorem 2.17. Let 

(2.15) X^(Mi^i)^Y^(M 2 ^ 2 )^Z 

be a pair of G-equivariant correspondences as in (|2.3p . Assume that b 2 and fi 
intersect smoothly and with a Kg-oriented excess intersection bundle 77. Then the 
composition of (|2.15[) is represented by the G-equivariant correspondence 

(2.16) X (Mi x y M 2> e(rj)®pr;tei) ®pr2(e a )) Z, 

where e(rj) is the Euler class and the projection pr 2 : Mi Xy M 2 — > M 2 carries the 
Kg -orientation induced by the Kg -orientations on fx and rj {explained below). 

In the above situation of smooth intersection, we call the diagram (|2.4[l an 
^-intersection diagram. It still computes the composition, but we need the Euler 
class of the excess intersection bundle 77 to compensate the lack of transversality. 

We describe the canonical Kc-orientation of pr 2 : Mi Xy M 2 — !> M 2 . The ex- 
cess intersection bundle 77 is defined so as to give an exact sequence of vector 
bundles (|2.14p . From this it follows that 

W = (A ° PiiHTY] + TM - pr*[TMi] - pr*[TM 2 ]. 
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On the other hand, the stable normal bundle iVpr 2 of pr 2 is equal to pr 2 [TM 2 ] — 
[TM]. Hence 

M=pr* 1 (f*[TY}-[TM 1 })-Npr 2 . 

A Kc-orientation on fi means a stable Kg-orientation on Nf% = f*[TY] — [TMi]. 
If such an orientation is given, it pulls back to one on pr*(/^[TY"] — [TMi]), and 
then (stable) Kg-orientations on [rf\ and on ./Vpr 2 are in 1-to-l-correspondence. In 
particular, a Kc-orientation on the bundle -q induces one on the normal bundle 
of pr 2 . This induced Re-orientation on pr 2 is used in (|2.16[) . ([21 Lemma 5.13] 
justifies working with Kc-orientations on stable normal bundles.) 

Proof of Theorem 12.171 Lift f\ to a G-equivariant smooth normally non-singular 
map (V\, Ei, fi). The composition of (|2.15[) is defined in [ISJ Section 2.5] as the 
intersection product 



(2.17) 



&i07rv, opiy f 2 opr, „ 

X < — — V x x Y M 2 2 > Z 



with K-theory datum pr^-ryj ® 7T^(Ci) ® pr 2 (6) G RKg,x(^i x y M 2 ). We 
define the manifold V\ Xy M 2 using the (transverse) maps ttei ° fi '■ V\ — > Y and 
62 : Af 2 — > y. We must compare this with the correspondence in the statement of 
the theorem. 

We have a commuting square of embeddings of smooth manifolds 



(2.18) 



Ml Xyl 2 

Co 

ViXy M 2 - 



'1 



■> Mi x M 2 

Ci 

-> Vi x M 2 



where the vertical maps are induced by the zero section Mi — >■ Vi and the horizontal 
ones are the obvious inclusion maps. The map Co is a smooth embedding because 
the other three maps in the square are so. 

Let Nto and v := N( denote the normal bundles of the maps lq and Co in (|2.18|) . 
The normal bundle of ii is isomorphic to the pull-back of Ty because V\ — > Y is 
submersive. Since Mi x M 2 — » V\ x M 2 is the zero section of the pull back of the 
vector bundle V\ to Mi x M 2 , the normal bundle of Ci is isomorphic to pr*(Vi). 
Recall that M := Mi Xy M 2 . We get a diagram of vector bundles over M: 







TM 



Din 



D( 



Dli 







T(Mi xM 2 )| M 







iV^o 



» T(Fi x y M 2 )| M -> T{V! x M 2 )| M - -> f*(TY) » 



> i/ > piyll 1 i > // > 



The first two rows and the first two columns are exact by definition or by our 
description of the normal bundles of £1 and L\. The third row is exact with the 
excess intersection bundle r\ by (|2.14[) . Hence the dotted arrow exists and makes 
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the third row exact. Since extensions of G- vector bundles always split, we get 

v®V = pri(Vi). 

Since ry and V\ are K^-oriented, the bundle v inherits a K^-orientation. 

We apply Thorn modification with the K^-oriented G-vector bundle v to the 
correspondence in (|2.16p . This gives the geometric correspondence 

(2.19) X < bl ° pri °^ v /2 ° pr2 °^> Z 
with K-theory datum 

i := t v ® <(e(r?) ® pr^i) (8 pr|(&)) £ RKg.xM- 

The Tubular Neighbourhood Theorem gives a G-equivariant open embedding 
Co: v — > Vi Xy M2 onto some G-invariant open neighbourhood of M (see [HI 
Theorem 3.18]). 

We may find an open G-invariant neighbourhood U of the zero section in V\ such 
that U XyM2 C Vi XyM2 is contained in the image of Co and relatively M-compact. 
We may choose the Thorn class ryj G K G imVi (Vi) to be supported in U. Hence we 
may assume that pr*(Tvi), the pull-back of Ty 1 along the coordinate projection 
pr* : V\ Xy M 2 — > Vi, is supported inside a relatively M-compact subset of Co^)- 

Then [T5J Example 2.14] provides a bordism between the cycle in (|2.17[) and 

(2.20) X < bl °^° pr ^° v Z , 

with K-theory class pr^-ryj <8> CoP r *7i"Vx(Ci) ® Co*P r 2(6)- 

Let St : ^ — ¥ v be the scalar multiplication by t G [0, 1]. Composition with s t is 
a G-equivariant homotopy 

^priCo ~ pr^,, : v Mi, pr 2 C ~ pr 2 ?iv : f -> Ma- 

Hence «t (CoP r i 7r v 1 (^i) ® CoP^fe)) is a G-equivariant homotopy 

Co*pr*<(£i) ® CoP^fe) ~ ^(P r i(£i) ® pr^ 2 )). 

When we tensor with pr* (jy 1 ) , this homotopy has X-compact support because the 
support of pr^(TVi) i s relatively M-compact. 

This gives a homotopy of geometric correspondences between (|2.17[) and the 
variant of (|2.19[) with K-theory datum 

pr^TyJ ® 7T*pri(6) ® 7r*pr^2); 

the relative M-compactness of the support of piy (r^ ) ensures that the homotopy 
of Kc-cycles implicit here has X-compact support. (We use [T51 Lemma 2.12] 
here, but the statement of the lemma is unclear about the necessary compatibility 
between the homotopy and the support of £.) 

The K-theory class pr*(Tvi) m this formula is the restriction of the Thorn class 
for the vector bundle pr*(Vi) over M to v. Since pr^(Vi) = v © r\ and the Thorn 
isomorphism for a direct sum bundle is the composition of the Thorn isomorphisms 
for the factors, the Thorn class of prJ(Vi) is pr*(7Vi) = T v ® T v Restricting this to 
the subbundle v gives t v ® Tr*(e(r])). Hence the K-theory classes that come from 
(|2~T71) and (|2~T!)]) are equal. This finishes the proof. □ 

2.6. The geometric Lefschetz index formula. In this section we compute Lef- 

G 

schctz indices in the symmetric monoidal category kk for smooth G-manifolds 
with boundary. Our computation is geometric and uses the intersection theory of 
equivariant correspondences discussed in Sections 12.21 and [ 
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Let X be a smooth compact G-manifold, possibly with boundary. Let X be its 
interior. Let 

(2.21) If-MAl, £gRK gx (M) 

be a Kc-oriented smooth geometric correspondence from X to itself, with M of 
finite orbit type to ensure that / : M — > X lifts to an essentially unique normally 
non-singular map. Since X is compact, RK G x(M) — K G (M) is the usual K-theory 
with compact support. The Kc-orientation for (|2.2ip means a K^-orientation on 
the stable normal bundle of /. This is equivalent to giving a G- vector bundle V 
over X and K G -orientations on TM © f*(V) and TX 8 V. 

If X has a boundary, then the requirements for a smooth correspondence are 
that M be a smooth manifold with boundary of finite orbit type, such that f(dM) C 
dX and / is transverse to dX. This ensures that / has an essentially unique lift 
to a normally non-singular map from M to X by Proposition 12.51 Recall the map 
p: X — > X, which is shrinking the collar around dX. 

Q 

Theorem 2.18. Let a G kk^ [X, X) be represented by a Kc-oriented smooth geo- 
metric correspondence as in (|2.2ip . Assume that (pb, /) : M ->XxI and the diago- 
nal embedding X — > XxX intersect smoothly with a KQ-oriented excess intersection 
bundle 77. Then Q p bj '■= {m G M \ pb{m) = f(m)} is a smooth manifold without 

Q 

boundary. For a certain canonical Kg -orientation on Qpb.f, C{a) G kk^ [X, pt) is 
represented by the geometric correspondence X Qpb.f — > pt with K-theory class 
£\Q P b f ® e ( 7 l) on Qpbj' } here the map Qpb.f — > X is given by m 1— 5- pb(m) = f(m). 

Q 

The Lefschetz index of a in kk^ (pt,pt) is represented by the geometric corre- 
spondence pt ^— Qpbj pt with Ka-theory class £|q p( , f ® e(rj) on Q p bj- 

The Lefschetz index of a is the index of the Dirac operator on Qpb.f with coeffi- 
cients in £\Q pbtf <S> e(rf). 

Proof. We abbreviate Q := Qpbj throughout the proof. We have Q C M because 
pb(M) C p(X) C X and f(dM) C dX. The intersection M x^ xi X is Q and 
hence a smooth submanifold of M . 

We compute C(a) using the dual of X constructed in Theorem 1 2. 71 This involves 
a G-vector bundle NX such that TX © NX = X x E for a K G -oriented G-vector 
space E. 

With the unit and counit from Theorem 12.71 C(a) becomes the composition of 
the three geometric correspondences in the bottom zigzag in Figure [5J here we al- 
ready composed a with the multiplication correspondence, which simply composes b 
with A. 

We first consider the small left square. Computing its intersection space naively 
gives M, which is a manifold with boundary. We would hope that this square is 
Cartesian. But X x X is only a manifold with corners if X has a boundary, and 
we we did not discuss smooth correspondences in this generality. Hence we check 
directly that the composition of the correspondences from X to X x X x NX and 
on to M x NX is represented by X <- M ->Mx NX. 

The manifold NX is an open subset of E by construction. Hence the map 

id x (id, Cpb) :XxX^XxXxNX 
extends to an open embedding 

ip: XxXxE^XxXx NX, (xi,x 2 ,e) \-> (xi,x 2 ,(p{x2) + ^a; 2 (||e|| 2 ) • e), 

where h X2 : M+ — > K + is a diffeomorphism onto a bounded interval [0, t) depending 
smoothly and G-invariantly on such that the t-ball in E around Cp( x 2) G NX 
is contained in NX. 
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Figure 2. The intersection diagram for the computation of C(a) 
in the proof of Theorem 12.181 Here j : Q p bj — > M denotes the 
inclusion map; £ the zero section X — > NX or X — > NX; it : NX — x 
X the bundle projection; t: X — > X the inclusion; A: I->IxI 
the diagonal embedding; pr x :IxI^I the projection onto the 
first factor. 

The map ip gives a special correspondence 

X IxIxE*>IxIxNl 

with K-theory class the pull-back of the Thorn class of E. This is equivalent to the 
given correspondence from X to X x X x NX because of a Thorn modification for 
the trivial vector bundle E and a homotopy. In particular, the K^-orientation of 
id x (id, £p) that is implicit here is the one that we get from the Kc-orientation in 
the proof of Theorem 12.71 

For a special correspondence, the intersection always gives the composition prod- 
uct. Here we get the space 

{{xi,X2,e, m,y, p) £ X x X x E x M x NX | 

(xi,X2,(p(x 2 ) + ^ 2 (||e|| 2 ) • e)) = (b(m),b(m),y,fi)}. 

That is, xi = X2 — b(m), (y,fi) = pb(m) + ^6( m )(IM| 2 ) ■ e). Since m £ M and 
e £ E may be arbitrary and determine the other variables, we may identify this 
space with M x E. 

In the same way, we may replace 

(2.22) X A M ^% M x NX 

by an equivalent special correspondence with space M x E in the middle. This 
gives exactly the composition computed above. Hence (|2.22[) also represents the 
composition of the correspondences from X to M x NX in Figure [2] 

Composing further with / x id simply composes Kg-oriented normally non- 
singular maps. Since we are now in the world of manifolds with boundary, we 
may identify smooth maps and smooth normally non-singular maps. The large 
right square contains the G-maps 

(/, Cpb) = (/ x id) o (id, (pb) :M->Ix NX, 

(in, id): NX -» X x NX. 

The pull-back contains those (m,x,p) £ M x NX with (f(m),pb(x),0) = (x, x, p) 
in X x NX. This is equivalent to x = f(m) = pb(m) and p, = 0, so that the 
pull-back is Q. Since all vectors tangent to the fibres of NX are in the image of 
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D(i7r, id), the intersection is smooth and the excess intersection bundle is the same 
bundle n as for (/, pb) : M —> X x X and £ : X — > X x X. Hence the right square 
is 77-Cartesian. 

Theorem 12.171 shows that C(a) is represented by a correspondence of the form 

X f^- Q —> pt, with a suitable class in K G (Q) and a suitable KG-orientation on 
the map Q —> pt or, equivalently, the manifold Q. Here we may replace bj by 
the properly nomotopic map pbj — fj. It remains to describe the K-theory and 
orientation data. 

First, the given K-theory class £ on M is pulled back to 1 on M x NX when we 
take the exterior product with NX. In the intersection product, this is pulled back 
to M along (id, (pb), giving ( again, and then to Q along j, giving the restriction 
of £ to Q C M. The unit and counit have 1 as its K-theory datum. Thus the 
Lefschetz index has £\q © e(rj) £ K G (Q) as its K-theory datum by Theorem l2.17l 

The given Kc-orientations on E, f and r\ induce Kg-orientations on all maps in 
Figure [2] that point to the right. This is the KG-orientation on the map Q — >• pt 
that we need. We describe it in greater detail after the proof of the theorem. 

The KG-orientation on the map Q — > pt is equivalent to a G-equivariant Spin c - 
structure on Q. The isomorphism 

KKf(pt,pt) -)■ KK* (C(pt), C(pt)) 

described in Theorem 4.2] maps the geometric correspondence just described 
to the index of the Dirac operator on Q for the chosen Spin c -structure twisted by 
(\q ® e(r]). This gives the last assertion of the theorem. □ 

Since the KG-orientation on Q p bj is necessary for computations, we describe it 
more explicitly now. We still use the notation from the previous proof. 

We are given Ko-orientations on E, f and rj. The Kfj-orientation on / is equiv- 
alent to one on the G- vector bundle TM © f*(NX) over M because 

TX © NX = X x E 

is a Kc-oriented G- vector bundle on X. 

We already discussed during the proof of the theorem that id x (id, (p) and 
(id, Cp) are normally non-singular embeddings with normal bundle E] this gives the 
correct Kg-orientation for these maps as well. 

A Kc-orientation on the map (/, (pb) : M — > X x NX is equivalent to one for 
TMffi/*(NX) because the bundle T(X xNX)©prf(NX) over Xx NX is isomorphic 
to the trivial bundle with fibre E © E and (/, Cpfo)*pr^ (NX) = /*(NX). We are 
already given such a Kc-orientation from the Kc-orientation of /. 

Lemma 2.19. The given Kg -orientation on TM © /*(NX) is also the one that 
we get by inducing Kg- orientations on (id, (pb) from (id, (p) and on f x id from f 
and then composing. 

Proof. The KG-orientation of / induces one for / x id, which is equivalent to a 
KG-orientation for 

T(M x NX) © (/ pri )*(NX) = (TM © /*(NX)) x (NX x E). 

This KG-orientation is exactly the direct sum orientation from TM©/*(NX) and E; 
no sign appears in changing the order because E has even dimension. 

The map h = (id, (p) is a smooth embedding with normal bundle E. Hence we 
get an extension of vector bundles 

TMffi/*(NX) ~ h*(T(M x NX) © (/pr^^NX)) ^> E. 

The given Kc-orientations on TM©/*(NX) and E induce one on the vector bundle 
in the middle. This is the same one as the pull-back of the one constructed above. 
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This means that the K^-orientation on TM f*(NX) induced by h is the given 
one. □ 

Equation (|2.14[l provides the following exact sequence of vector bundles over Q: 
^ TQ D ^ D{Uj \ j*(TM) © (C/j)*T(Nl) 

Since — D(lit, id) is injective, we may divide out T(NX) and its image to get the 
simpler short exact sequence 

_> TQ ^ j*TM Df - D(pb \ f* TX ^ V ^Q. 
Then we add the identity map on j* f*(NX) to get 

(2.23) ^ TQ ^% j*(TM © f*THX) {Df - Dipb)M \ f*( TX © NX) ->■ r) ->• 0. 

In the last long exact sequence, the vector bundles j*(TAf©/*NX), /*(TXffiNX) S 
Q x E and ry carry K^-orientations. These together induce one on TQ. This is the 
Kc-orientation that appears in Theorem 12. 181 

Of course, the resulting geometric cycle should not depend on the auxiliary choice 
of a Kg-orientation on 77. Indeed, if we change it, then we change both e(rf) and 
the Kc-orientation on TQ, and these changes cancel each other. 

We now consider some examples of Theorem 12.181 

2.6.1. Self-maps transverse to the identity map. Let X be a compact G-manifold 
with boundary and let b : X — > X be a smooth G-map that is transverse to the iden- 
tity map. Thus 6 has only finitely many isolated fixed points and 1 — D x b: T X X — > 
T X X is invertible for all fixed points x of b. We turn b into a geometric correspon- 
dence a from X to itself by taking M = X, f = id (with standard Kg-orientation) 
and £ = 1. 

Since b has only finitely many fixed points, we may choose the collar neighbour- 
hood so small that all fixed points that do not lie on dX lie outside the collar 
neighbourhood, and such that the fixed points of pb are precisely the fixed points 
of b not on the boundary of X. Hence pb — b near all fixed points. 

Then pb is also transverse to the diagonal map and Theorem 12.181 applies . The 
intersection space in Theorem 12. 181 is 

Q = Q P 6,id = {x £ X \ pb(x) = x} = {x e X b(x) = x}, 

the set of fixed points of b in X. The K-theory class on Q is 1 because £ = 1 and 
the intersection is transverse. More precisely, the bundle 77 is zero-dimensional, and 
we may give it a trivial Kg-orientation for which e(ry) = 1. 

Although Q is discrete, the Kc-orientation of the map Q — > pt is important extra 
information: it provides the signs that appear in the familiar Lefschetz fixed-point 
formula. Equation (|2.23p simplifies to 

O^TQ^ {TX(BNX)\ Q {id - DbM \ (TXS)NX)\ Q -> 0. 

We left out 77 because it is zero-dimensional and carries the trivial Kc-orientation 
to ensure that e(?7) = 1. The bundle TQ is also zero-dimensional. But a zero- 
dimensional bundle has non-trivial Kc-orientations. The Clifford algebra bundle 
of a zero-dimensional bundle is the trivial, trivially graded one-dimensional bundle 
spanned by the unit section. Thus an irreducible Clifford module (spinor bundle) 
for it is the same as a Z/2-gradcd G-cquivariant complex line bundle. 

Let S be the spinor bundle associated to the given Kc-orientation on TX©NX = 
E. The exact sequence (|2.23[) says that the Kc-orientation of Q is the Z/2-graded 
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G-equivariant complex line bundle £ such that (id — D6)*(5|q) <E> £ = S\q as Clif- 
ford modules. This uniquely determines £. Thus £ measures whether Db changes 
orientation or not. This is exactly the sign of the G-equivariant vector bundle au- 
tomorphism 1 — Db on TX\q, which is studied in detail in 13J . In particular, it is 
shown in [13] that £ is the complexification of a Z/2-graded G-equivariant real line 
bundle. The Z/2-grading gives one sign for each G-orbit in Q, namely, the index 
of id — Db x . In addition, the sign gives a real character G x —¥ { — 1, +1} for each 
orbit, where G x denotes the stabiliser of a point in the orbit. 

Twisting the Kg-orientation by a line bundle over Q has the same effect as 
taking the trivial K^-orientation and putting this line bundle on Q. Thus C(a) is 
represented by the geometric correspondence 

X^(Q, S ign(l-£>6| Q ))^pt 

with the trivial K^-orientation on the map Q — > pt. 

The Lefschetz index of a is the index of the Dirac operator on Q with coefficients 
in the line bundle sign(l — £>6)|q; this is simply the Z/2-graded G-representation 
on the space of sections of sign(l — Db)\q, which is a certain finite-dimensional 
Z/2-graded, real G-representation. 

If the group G is trivial, then the Lefschetz index is a number and sign(l — Db) 
is the family of sign(l — D x b) G {±1} for x G Q. If X is connected, then all 
maps X <— pt give the same element in kk. Thus C(a) is L-ind(a) times the point 
evaluation class [X pt = pt], and L-ind(a) is the sum of the indices of all fixed 
points of b in X. 

2.6.2. Euler characteristics. Now let £ G Kq(JT) and consider the correspondence 
with M = X , b = f = id, and the above class £. We want to compute the Lefschetz 
index of the geometric correspondence a associated to £. In particular, for £ = 1 

G - 

we get the Lefschetz index of the identity element in kk q (X, X), which is the Euler 
characteristic of X. 

We only compute the Lefschetz index of £ G Kq(X) for X with trivial boundary. 
Then the map p in Theorem 12.181 is the identity map, and \&x intersects itself 
smoothly. The intersection space is Q — X, embedded diagonally into X x X. The 
excess intersection bundle rj is TX. To apply Theorem l2.18l we also assume that X 
is Kc-oriented. Then C(a) is represented by the geometric correspondence 

1^(1^8 e(TX)) ->■ pt. 

Here e(TX) and the map X — > pt both use the same K^-orientation on X. The 
Lefschetz index of a is represented by 

pt <- (X,£®e(TX)) ->-pt. 

By Theorem 12.181 this is the index of the Dirac operator of X with coefficients in 
e®e(TI). 

Twisting the Dirac operator by e(TX) gives the de Rham operator: this is the 
operator d + d* on differential forms with usual Z/2-grading, so that its index is 
the Euler characteristic of X. Thus (the analytic version of) C(a) is the class in 
KK^(C(X),C) of the de Rham operator with coefficients in £. This was proved 
already in |llj by computations in Kasparov's analytic KK-theory. Now we have a 
purely geometric proof of this fact, at least if X is Kc-oriented. 

Theorem 12.181 no longer works for X without Kg-orientation because there is 
no Kc-orientation on the excess intersection bundle. A way around this restric- 
tion would be to use twisted K-theory throughout. We shall not pursue this here, 
however. 
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We can now clarify the relationship between the Euler class e(TX) 6 K G (X) 
and the higher Euler characteristic Eulx £ KK^(C(X),C) introduced already 
in [11] . Since we assume X K^-oriented and without boundary, there is a duality 
isomorphism K G im(X \x) ^ K$(X) = KK^(C(X),C). This duality isomorphism 
maps e(TX) to Eulx- 

2.6.3. Self-maps without transversality. Let X be a compact G-manifold and let 
b: X — > X be a smooth G-map. We want to compute the Lefschetz map on the 
geometric correspondence 

with Kc-theory class 1 on X. 

If b is transverse to the identity map, then this is done already in Section [2.6.11 
The case b = idx is done already in Section 12.6.21 Now we assume that b and idx 
intersect smoothly. We also assume that b has no fixed points on the boundary; 
then we may choose the collar neighbourhood of dX to contain no fixed points of b, 
so that p(x) = x in a neighbourhood of the fixed point subset of b. Furthermore, 
all fixed points of pb are already fixed points of b. 

That b and idx intersect smoothly and away from dX means that 

Q:= {xeX \ b(x) = x} = {x G X | pb(x) = x} 

is a smooth submanifold of X and that there is an exact sequence of G-vector 
bundles over Q: 

^ TQ ^ TX\ Q 1 - D{pb \ TX\ Q -> 77 -> 0, 
where 77 is the excess intersection bundle. 

Remark 2.20. The maps b and idx always intersect smoothly if b: X — > X is 
isometric with respect to a Riemannian metric on X; the reason is that if Db fixes 
a vector (x, £) at a fixed point of 6, then b fixes the entire geodesic through x in 
direction £. 

The vector bundles TQ and rj are the kernel and cokernel of the vector bundle 
endomorphism 1 — D(pb) on TX\q. Since both are vector bundles, 1 — D(pb) has 
locally constant rank. We may split 

TX\ Q ker(id - D{pb)) © im(id - D{pb)) = TQ © im(id - D{pb)), 
TX\ Q = coker(id - D(pbj) © coim(id - D(pb)) = i] © coim(id - D(pb)). 

Since im(<p) = coim(</?) for any vector bundle homomorphism, it follows that 77 
and TQ are stably isomorphic as G-vector bundles. Thus Kc-orientations on one 
of them translate to Kfj-orientations on the other. 

Remark 2.21. Given two stably isomorphic vector bundles, there is always a vector 
bundle endomorphism with these two as kernel and cokernel. Hence we cannot 
expect 77 and TQ to be isomorphic. 

Corollary 2.22. Let X be a compact G-manifold. Let b: X —¥ X be a smooth 
G-map without fixed points on dX , such that b and idx intersect smoothly. Let the 
fixed point submanifold Q of b be Kg- oriented, and equip the excess intersection 
bundle with the induced Kg -orientation. Then the Lefschetz index of the geometric 
correspondence 

x^x^x 

with KQ-theory class 1 on X is the index of the Dirac operator on Q twisted by e{rf). 
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The Lefschetz map sends the correspondence above to 



with K-theory class e{rj) on Q. 



2.6 A. Trace computation for standard correspondences. By Corollary 12.81 any ele- 

G 

ment of kk, (X, X) is represented by a correspondence of the form 

t07roprT ° pr 

for a unique £ G Kq(NA x X). We may view this as a standard form for an element 
in kk^(X,X). 

The map (poLOTropr 11 pr 2 ) = (poir) x id: NX xl->XxXisa submersion and 
hence transverse to the diagonal. Thus Theorem l2 . 1 8l applics . The space Q P b,f is the 
graph of pit : NX — > X . Thus the Lefschetz map gives the geometric correspondence 

X^NX^pt, £Inx e K* G (SX), 

where we embed NX — > NX x X via (id, pir) and use the canonical K^-orientation 

a Q 

on NX. The Lefschetz index in kk, (pt,pt) = K G (pt) is computed analytically as 
the G-equivariant index of the Dirac operator on NX twisted by £| Nj £- 

2.6.5. Trace computation for another standard form. Assume now that X has no 
boundary and is Kg-oriented. As we remarked at the end of Section 12.41 any 

Q 

element of kk, [X,X) is represented by a correspondence 

lAlxI^I, £eK G (XxX). 

The same computation as in Section ?2 . 6 . 41 shows that the Lefschetz map sends this 
to 

A = A^pt, Z\ x eK* G (X), 
where £\x is for the diagonal embedding X — > X x X. Analytically, this is the 
Kc-homology class of the Dirac operator on X with coefficients £\x- 

2.6.6. Homogeneous correspondences. We call a self-correspondence X <r- M — > X 
homogeneous if X and M are homogeneous G-spaces. That is, X := G/H and 
M := G/L for closed subgroups H,L C G. Then there are elements %, tf G G with 
b(gL) :— gtt,H, f(gL) :— gtfH; we need L C tbHt^ 1 n tfHtJ for this to be well- 
defined. Since G/L S G/t^Ltf by gL h-> gLt f , any homogeneous correspondence 
is isomorphic to one with tf = 1, so that L C H. We assume this from now on and 
abbreviate t = 

Since M and X are compact, the relevant K-theory group KK G X (M) for a 
homogeneous correspondence is just K G (M). The induction isomorphism gives 
BK GiX (M)=K G (G/L)^K* L (pt). 

A Kc-orientation for /: G/L — > G/H is equivalent to a K ff -orientation for the 
projection map H/L — > pt because / is obtained from this iJ-map by induction. 
Thus we must assume an K ff -orientation on H/L. Equivalently, the representation 
of L on Til(H/L) factors through Spin c . This tangent space is the quotient f)/I, 
where fj and [ denote the Lie algebras of H and L, respectively. 

Let L' := H n tHt~ x . Then L C V and both maps f,b: G/L -> G/ff factor 
through the quotient map p: G/L — > G/L'. The geometric correspondence 

G/H 4 G/L 4 G/H, £ 6 K£(G/L) 
is equivalent to the geometric correspondence 

G/i? G/L' A G/iJ, £' G K G (G/L') 
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with £' := p\(£) and b'(gL') — gtH and f'(gL') = gH . (To construct the equiv- 
alence, we first need a normally non-singular map lifting p; then we apply vector 
bundle modifications on the domain and target of p to replace p by an open embed- 
ding; finally, for an open embedding we may construct a bordism as in [151 Example 
2-14].) 

Thus we may further normalise a homogeneous geometric self-correspondence to 
one with L = H n tHt- 1 . 

Now we compute the Lefschetz map for a such a normalised homogeneous self- 
correspondence. 

First let t £ H. Then the image of the map (/, 6) : G/L -> G/H x G/H does 
not intersect the diagonal. Hence (/, b) is transverse to the diagonal and the coin- 
cidence space Qbj is empty. Thus the Lefschetz map vanishes on a homogeneous 
correspondence with t £ H by Theorem 12.181 

Now let t G H . Then b = f : G/L — > G/H is the canonical projection map. Our 
normalisation condition yields L — H and b = f = id in this case; that is, our 

Q 

geometric correspondence is the class in kk, (G/H, G/H) of some £ <E K G (G/H). 
Thus we have a special case of the Euler characteristic computation in Section l2.6.21 
The Lefschetz map gives the class of the geometric correspondence 

G/H ^ [G/H, e(TG/H) ® £) -> pt, 

provided G/H is Kg-oriented. The Lefschetz index is the index of the de Rham 
operator with coefficients in £. 

When we identify K G (G/H) = K^(pt), the Lefschetz index becomes a map 

K* H (pt) -> K^(pt). 

In complex K-theory, this is a map R(-ff) — > R(G). Graeme Segal studied this map 
in [551 Section 2], where it was denoted by i\. 

For instance, assume G to be connected and let H = L be its maximal torus. Let 
t € W :— NqH/H, the Weyl group of G. Assume that we are working with complex 
K-theory, so that K* G {G/H) K^(pt) = R(H). The Weyl group W acts on G/H 
by right translations; these are G-equivariant maps. Taking the correspondences 

X i^- — X = X, this gives a representation W — > kk^ (G/H, G/H). We also map 

R(H) S K° G (G/H) -> KKq (G/H, G/H) using the correspondences X = = 
X . These representations of W and R(H) are a covariant pair of representations 
with respect to the canonical action of W on R(-ff) induced by the automorphisms 
h I— )• whw^ 1 of for w G W. Hence we map 

R(JT) x T4^ -> kKq(G/H, G/H). 

The Lefschetz index R(H) x W -> R(G) maps a ■ t h-> for i G W \ {1} and 
a • 1 i— > indc A Q , where A a means the de Rham operator on G/H twisted by a. 

2.7. Fixed points submanifolds for torus actions. As another application of 
our excess intersection formula, we reprove a result that is used in a recent article 
by Block and Higson [5 to reformulate the Weyl Character Formula in KK-theory. 

Block and Higson also develop a more geometric framework for equivariant 
KK-theory for a compact group. For two locally compact G-spaces X and Y, 
they identify KK^(X,Y) with the group of continuous natural transformations 
$2 : K G (X xZ)-> Kg(Y x Z) for all compact G-spaces Z; here continuity means 
that each is a K^.(Z)-module homomorphism. The Kasparov product then be- 
comes the composition of natural transformations. This reduces Kasparov's equi- 
variant KK-theory to equivariant K-theory. 
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The theory kk does more: it contains the knowledge that all such natural trans- 
formations come from geometric correspondences, when geometric correspondences 
give the same natural transformation, and how to compose geometric correspon- 
dences. Thus we get a more concrete KK-theory. 

Theorem 2.23. Let T be a compact torus and let X be a smooth, Ky- oriented 
T-manifold with boundary. Let e(TX) G K T (X) be the Euler class of X for the 
chosen Kx- orientation. Let F C X be the fixed-point subset of the T-action on X 
and let j : F — > X be the inclusion map. Then F is again a smooth K-oriented mani- 
fold with boundary, with trivial T-action, so that the inclusion map j is Kx-oriented. 
Let e(TF) G K°(F) C K^(F) be the Euler class of F. The two geometric corre- 
spondences 

X (X,e(TX))^+X, 
X <?- (F,e(TF)) -4 X 

T 

represent the same element in kk [X, X). 

This is a generalisation of [SJ Lemma 3.1]. We allow Spin c -manifolds instead of 
complex manifolds. For a Spin c -structure coming from a complex structure, the 
Euler class is [A*T*X] G K^(X), which appears in [5]. The following proof is a 

Q 

translation of the proof in [5] into the category kk . 

Proof. The first geometric correspondence above, involving the Euler class of X, is 
represented by the composition of geometric correspondences 

X X ^ TX 4- X ^ X 

by Example 12.131 here ( denotes the zero section, which is Kp-oriented using the 
given K^-orientation on the T- vector bundle TX. 

Choose a generic element £ in the Lie algebra of T, that is, the one-parameter 
group exp(s£), s G M, is dense in T. Let at : X — > X denote the action of t G T 
on X. The action of T maps £ to a vector field : X — > TX. There is a homotopy 
of geometric correspondences 

for s G [0, 1]. For t = we get the composition above, involving e(TX). We claim 
that for s = 1 , the two correspondences intersect smoothly and that the intersection 
product is the second geometric correspondence in the theorem, involving F and 
its Euler class. 

First we show that the fixed-point submanifold F is a closed submanifold. Equip X 
with a T-invariant Ricmannian metric. Let x G F, that is, ctt(x) = x for all t G T. 
Split T X X into 

V = {ve T X X | Da t (x, v) = (x, v) for all t G T} 

and its orthogonal complement V . Since the metric is T-invariant, at(exp(x, v)) — 
exp(Dctt(x,v)) for all v G T X X. Since the exponential mapping restricts to a 
diffeomorphism between a neighbourhood of in T X X and a neighbourhood of x 
in X, we have exp(x, v) G F if v G V, and the converse holds for v in a suitable 
neighbourhood of 0. Thus we get a closed submanifold chart for F near x with 
T X F = V. Hence F is a closed submanifold with 

TF = {(x,v) G TX | Da t (x,v) = {x,v) for all t G T}. 

Since £ is generic, a^(x) = in T X X if and only if x G F. Thus F is the coinci- 
dence space of the pair of maps C, ^ '■ X — > TX. Let x G F and let vi,V2 G T X X 



EQUIVARIANT LEFSCHETZ FIXED-POINT FORMULA 



27 



satisfy D(^(x,vi) = Da^(x,V2)- Then v\ — V2 by taking the horizontal com- 
ponents; and the vertical component of Da^{x 1 V2) vanishes, which means that 
Da exp ( s ^(x, 1)2) — (x, V2) for all s£l. Hence V2 € T^i* 1 . This proves that £ and 
intersect smoothly. The excess intersection bundle is the cokernel of Da exp ( s ^ — id; 
since the action of T is by isometries, -Da exp ( s £) — id is normal in each fibre, so that 
its image and kernel are orthogonal complements. Hence the cokernel is canonically 
isomorphic to the kernel of -Da oxp ( S £) — id. Thus the excess intersection bundle is 
canonically isomorphic to TF. 

Hence Theorem 12 . 1 71 gives the geometric correspondence X <— (F,e(TF)) A X 
as the composition, as desired. □ 



3. The homological Lefschetz index of a Kasparov morphism 

The example in Section [2 . <j . 1 1 shows in what sense the geometric Lefschetz index 
computations in Section [2] generalise the local fixed-point formula for the Lefschetz 
index of a self-map. Now we turn to generalisations of the global homological 
formula for the Lefschetz index. 

The classical Lefschetz fixed-point formula for a self-map / : X — > X contains the 
(super)trace of the map on the cohomology of X with rational coefficients induced 
by /■ We take rational coefficients in order to get vector spaces over a field, where 
there is a good notion of trace for endomorphisms. By the Chern character, we may 
as well take K*(X) ® Q instead of rational cohomology. ft is checked in that the 
Lefschetz index of / G KKo(j4, A) for a dualisable C*-algebra A in the bootstrap 
class is equal to the supertrace of the map on K*(A) <g) Q induced by /. 

We are going to generalise this result to the equivariant situation for a com- 
pact Lie group G. We assume that we are working with complex C*-algebras, so 
that kk, (pt,pt) = KK^(C, C) vanishes in odd degrees and is the representation 
ring R(G) in even degrees. Our methods do not apply to the torsion invariants 
in KK d (R, R) for d ^ in the real case because we (implicitly) tensor everything 
with Q to simplify the Lefschetz index. 

Furthermore, we work in KK instead of kk in this section because the cate- 

„ Q Q 

gory KK is triangulated, unlike kk . We explain in Remark l3.11l whv KK is not 
triangulated; the triangulated structure on KK G is introduced in [21] . 

Let S C R(G) be the set of all elements that are not zero divisors. This is a 
saturated, multiplicatively closed subset; even more, it is the largest multiplicatively 
closed subset for which the canonical map R(G) — > S^ 1 R(G) to the ring of fractions 
is injective (see [T] Exercise 9 on p. 44]). The localisation 5 _1 R(G) is also called 
the total ring of fractions of R(G). 

Since KK G is symmetric monoidal with unit 1 = C and R(G) = KK G (C, C), 
the category KK is R(G)-linear. Hence we may localise it at S as in [T7] . The 
resulting category T '■= S ,_1 KK G has the same objects as KK G and arrows 

%{A, B) := S , - 1 KK G (A, B) = S' 1 R(G) ® R(G) KK^A, B). 

The category T is S^ 1 R(G)-linear. There is an obvious functor t| : KK G — > T. 
If A is a separable G-C*-algebra, then 

%(C,A) = S' _1 KK G (C, A) ~ S- 1 R(G) ® R(G) K G (A), 

where we use the usual R(G)-module structure on K^ (A) = KK G (C, A). 

There is a unique symmetric monoidal structure on 7~ for which \\ is a strict 
symmetric monoidal functor: simply extend the exterior tensor product on KK 
R(G)-linearly. Hence if A is dualisable in KK G , then its image in T is dualisable 
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as well, and 

ij(tr/) = tr(\\f) for all / G KK^(A, A). 

The crucial point for us is that \ tr(/) = tr(t]/) uniquely determines tr / because 
the map 

R(G) S KK^(1, 1) \ 75(1, 1) = R(G) 

is injective. Thus it suffices to compute Lefschetz indices in T. This may be easier 
because T has more isomorphisms and thus fewer isomorphism classes of objects. 
Furthermore, the endomorphism ring of the unit 7^(1,1) = S R(G) has a rather 
simple structure: 

Lemma 3.1. The ring S R(G) is a product of finitely many fields. 

Proof. Let Gj AdG be the space of conjugacy classes in G and let C(G/ AdG) 
be the algebra of continuous functions on G/ AdG. Taking characters provides a 
ring homomorphism \ : R(G) — > C(G/ AdG), which is well-known to be injective. 
Hence R(G) is torsion-free as an Abelian group and has no nilpotent elements. 
Since G is a compact Lie group, R(G) is a finitely generated commutative ring by 
[2"81 Corollary 3.3]. Thus R(G) is Noetherian and reduced. This implies that its 
total ring of fractions is a finite product of fields (see [T5I Exercise 6.5]). □ 

The fields in this product decomposition correspond bijectively to minimal prime 
ideals in R(G). By [551 Proposition 3. 7. hi], these correspond bijectively to cyclic 
subgroups of G/G°, where G° denotes the connected component of the identity 
element. In particular, S* -1 R(G) is a field if and only if G is connected. 

Example 3.2. Let G be a connected compact Lie group. Let T be a maximal 
torus in G and let W be the Weyl group, W ■= Nq{T)/T. Highest weight theory 
provides an isomorphism R(G) S R(T) W . Here R(T) is a ring of integral Laurent 
polynomials in r variables, where r is the rank of T. Since elements of N>i are 
not zero divisors in R(G), the total ring of fractions of R(G) is equal to the total 
ring of fractions of R(G) <g> Q. The latter is the Q-algebra of VF-invariant elements 
in Q[xi, . . . , x r , {xi ■ ■ ■ x r ) ]. This is the algebra of polynomial functions on the 
algebraic Q- variety (Q x ) r , and the W- invariants give the algebra of polynomials 
on the quotient variety (Q x ) r /W. This variety is connected, so that the total ring 
of fractions S^ 1 R(G) in this case is the field of rational functions on the algebraic 
Q-variety (Q x ) r /W. 

Now we can define an equivariant analogue of the trace of the map on K* (A) ® Q 
induced by / e KK (A, A): 

Definition 3.3. Let S^ 1 R(G) = JlLi F i with fields F *- A module over S^ 1 R(G) 
is a product Yl%=i where each Vi is an i^-vector space. In particular, if A is 
a G-C*-algebra, then %(C, A) = S^K? (A) = n?=i for certain Z/2-graded 

Fj-vector spaces K t i(A). An endomorphism / G To(A, A) induces grading-preserving 
endomorphisms K^(/): K^(/4) -> K^(A). 

If the vector spaces K„ ^A) are all finite-dimensional, then the (super)trace of 
Kf i(f) is defined to be trK^(/) - trK^(/) G F h and 

n 

trS^Kf (/) := (trK« (/))r =1 G JJ F, = 5" X R(G). 

i=l 

We will see below that dualisability for objects in appropriate bootstrap classes 
already implies that K„ (A) is a finitely generated R(G)-module, and then each 
i(A) must be a finite-dimensional F^-vector space. 
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Theorem 3.4. Let A belong to the thick subcategory of KK generated by C and 
let f £ KK (A, A). Then A is dualisable in KK G , so that tr/ is defined, and 

\\(tvf) = tvS- 1 Kf(f)€S- 1 R(G). 

Thick subcategories are denned in [23 Definition 2.1.6]. The thick subcategory 
generated by C is, of course, the smallest thick subcategory that contains the ob- 
ject C. We denote the thick subcategory generated by a set A of objects or a single 
object by (A). 

As we remarked above, t](tr/) uniquely determines tr/ € R(G) because the 
canonical embedding \\: R(G) — > S^ 1 R(G) is injective. 
We will prove Theorem 13.41 in Section 13.31 

How restrictive is the assumption that X should belong to the thick subcategory 
of KK G generated by C? The answer depends on the group G. 

We consider the two extreme cases: Hodgkin Lie groups and finite groups. 

A Hodgkin Lie group is, by definition, a connected Lie group with simply con- 
nected fundamental group; they are the groups to which the Universal Coefficient 
Theorem and the Kiinneth Theorem in [27| apply. 

Theorem 3.5. Let G be a compact Lie group with torsion-free fundamental group. 
Then a G-C* -algebra A belongs to the thick subcategory generated by C if and only 
if 

• A, without the G-action, belongs to the bootstrap category in KK, and 

• A is dualisable. 

We postpone the proof of this theorem until after the proof of Proposition 13.131 
which generalises part of this theorem to arbitrary compact Lie groups. 

The first condition in Theorem 13. 51 is automatic for commutative C*-algebras be- 
cause the non-equivariant bootstrap category is the class of all separable C*-algebras 
that are KK-equivalent to a commutative separable C*-algebra. Hence Theorem l3.5l 
verifies the assumptions needed for Theorem l3.4l if A — Cq(X) and Gq(X) is dualis- 
able in KK G ; the latter is necessary for the Lefschetz index to be defined, anyway. 

In particular, let X be a compact smooth G-manifold with boundary, for a 

Q 

Hodgkin Lie group G. Then X is dualisable in KK by Theorem 12.71 and hence 
C(X) is dualisable in KK G because the functor KK — > KK G is symmetric monoidal. 
Furthermore, KK"(X,X) = KK^(C(A), C{X)) in this case, so that any endomor- 
phism / G KK G (C(A), C(X)) comes from some self-correspondence in kk (X,X). 
We get the following generalisation of the Lefschetz fixed-point formula: 

Corollary 3.6. Let G be a Hodgkin Lie group, X a smooth compact G-manifold, 

Q 

possibly with boundary, and f £ KK (X,X). Then tr(/) G R(G) C 5* _1 R(G) is 
equal to the supertrace o/S' _1 Kg(/), acting on the S^ 1 K(G)-vector space S~ 1 Kq(X) 

Notice that S 1-1 R(G) for a Hodgkin Lie group is a field, not just a product of 
fields. 

In particular, Corollarv l3.6l for the trivial group gives the Lefschetz index formula 

Whereas Theorem 13.41 yields quite satisfactory results for Hodgkin Lie groups, 
its scope for a finite group G is quite limited: 

Example 3.7. For G = Z/2 there is a locally compact G-space X with Kq(X) = 
but K*(X) ^ 0. Equivalently, KK G (C,C (A)) = and KK G (C(G), Cq(X)) ^ 0. 
This shows that C(G) does not belong to (C). 

Worse, the Lefschetz index formula in Theorem 13.41 is false for endomorphisms 

G 

of C(G). We have KK, (G, G) = Z[G], spanned by the classes of the translation 
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maps G — > G, x i— > x ■ g for g G G, and these are homogeneous correspondences as 
in Section 12.6.61 

Translation by g — 1 is the identity map, and its Lefschetz index is the class 
of the regular representation of G in R(G). For j ^ 1, the Lefschetz index is 
zero because the fixed point subset is empty. However, Kq(G) = K*(pt) = Z[0] 
and all translation maps induce the identity map on KJ.(G). Thus the induced 
map on Kq(G) is not enough information to compute the Lefschetz index of an 

- -G 

endomorphism of G in KK . 

3.1. The equivariant bootstrap category. A reasonable Lefschetz index for- 
mula should apply at least to KK G -endomorphisms of C(X) for all smooth compact 
G-manifolds and thus, in particular, for finite G-sets X. Example 13.71 shows that 
Theorem 13 .41 fails on such a larger category. This leads us to improve the Lefschetz 
index formula. First we discuss the class of G-C*-algebras where we expect it to 
hold. 

We are going to describe an equivariant analogue of the bootstrap class in KK G . 
Our class is larger than the class of C*-algebras that are KK G -equivalent to a 
commutative C*-algebra. The latter subcategory is too small because it is not 
thick. The thick (or localising) subcategory of KK G generated by commutative 
C*-algebras is a better choice, but such a definition is not very intrinsic. We will 
choose an even larger subcategory of KK G because it is not more difficult to treat 
and has a nicer characterisation. 

The category KK G only has countable coproducts because we need C*-algebras 
to be separable. Hence the standard notions of compact objects and localising 
subcategories have to be modified so that they only involve countable coproducts. 
As in [7, Definition 2.1], we speak of compact^ objects, localising-^! subcategories, 
and compactly^! generated subcategories. 

Definition 3.8. Call a G-C*-algebra A elementary if it is of the form Ind^ M„C = 
C(G, M n C) H for some closed subgroup H C G and some action of H on M„C by 
automorphisms; the superscript H means the fixed points for the diagonal action 
of H. 

Definition 3.9. Let B G C KK be the localising^ subcategory generated by all 
elementary G-C*-algebras. We call B the G-equivariant bootstrap category. 

An action of H on M„C comes from a projective representation of H on C n . 
Such a projective representation is a representation of an extension of H by the 
circle group. The extension is classified by a cohomology class in H 2 (iJ, U(l)). Two 
actions on M„C are ff-equivariantly Morita equivalent if and only if they belong 
to the same class in H 2 (ff,U(l)). The G-C*-algebras Indg M„C for actions of H 
on M„C with different cohomology classes need not be KK G -equivalent. 

Theorem 3.10. A G-C* -algebra belongs to the localising^ subcategory generated 
by the elementary G-C* -algebras if and only if it is KK G -equivalent to a G-action 
on a type I C* -algebra. 

Proof. It is already shown in [27J Theorem 2.8] that all G-actions on type I C*-algebras 
belong to the localising^ 1 subcategory generated by the elementary G-C*-algebras. 
By definition, localising^ subcategories are closed under KK G -equivalence. Ele- 
mentary G-C*-algebras are type I C*-algebras, even continuous trace C*-algebras. 
To finish the proof we must show that the G-C*-algebras that are KK G -equivalent 
to type I G-C*-algebras form a localising^ subcategory of KK G . 

Let 7i C KK G be the full subcategory of type I, separable G-C*-algebras. If 
A £ Ti, then Cq(M, ^4) G 71, so that 71 is closed under suspension and desuspension. 
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Let A,B e 71 and / e KK G (A,B). We have KK G (A, B) S KK G (A, C (M, B)), 
and cycles for the latter group correspond to (equivariantly) semisplit extensions 
of G-C*-algebras 

C (R,S) <gi /C >-> L> ^> A 

with /C := K(L 2 (G x N)). Since £? and A are type I, so are C (R, B) (& K, and D 
because the property of being type I is inherited by extensions. The semisplit 
extension above provides an exact triangle isomorphic to 

B[-l] D -+ Ah B. 

Thus there is an exact triangle containing / with all three entries in 7i- Furthermore, 
countable direct sums of type I C*-algebras are again type I. This implies that 
the G-C*-algebras KK G -equivalent to one in T\ form a localising^ subcategory 
ofKK G . □ 

Remark 3.11. In the non-equivariant case, any C*-algebra in the bootstrap class 
is KK-equivalent to a commutative one. This criterion fails already for G = U(l), 
as shown by a counterexample in [1U| . Since the bootstrap class is the smallest 
localising subcategory containing C, it follows that the commutative C*-algebras 

Q 

do not form a localising subcatgory. Thus kk is not triangulated: it lacks cones 
for some maps. 

In this case, the equivariant bootstrap class is already generated by C and con- 
tains all U(l)-actions on C*-algebras in the non-equivariant bootstrap category. It 
is shown in [TO] that the U(l)-equivariant K-theory of a suitable Cuntz-Krieger al- 
gebra with its natural gauge action cannot arise from any U(l)-action on a locally 
compact space. 

Corollary 3.12. The restriction and induction functors KK G — » KK ff and KK ff — > 
KK for a closed subgroup H in a compact Lie group G restrict to functors between 
the bootstrap classes in KK G and KK ff . 

Proof. Restriction does not change the underlying C*-algebra and thus preserves 
the property of being type I. Induction maps elementary _ff-C*-algebras to elemen- 
tary G-C*-algebras, is triangulated, and commutes with direct sums. Hence it 
maps B H toB G . □ 

Proposition 3.13. An object of B G is compact-^ 1 if and only if it is dualisable, if 
and only if it belongs to the thick subcategory of B G (or o/KK G ) generated by the 
elementary G-C* -algebras. 

Proof. The tensor unit C is compact^ because KK G (C, A) = K G {A) ~K,(Gk A) 
is countable for all G-C*-algebras A, and the functors A t- > G x A and K* are 
well-known to commute with coproducts. Furthermore, the tensor product in KK G 
commutes with coproducts in both variables. 

Using this, we show that dualisable objects of B G are compact^. If A is dualis- 
able with dual A*, then KK G (A, B) = KK G (C, A* ® B), and since C is compact^ 
and (8> commutes with countable direct sums, it follows that A is compact^ . 

It follows from [8] Corollary 2.2] that elementary G-C*-algebras are dualisable 
and hence compact^. A compact group has only at most countably many com- 
pact subgroups by Lemma 13.141 below; and any of them has at most finitely many 
projective representations. Hence the set of elementary G-C*-algebras is at most 
countable. Therefore, B is compactly^ generated in the sense of [3 Definition 
2.1]. By [7] Corollary 2.4] an object of B G is compact^ if and only if it belongs to 
the thick subcategory generated by the elementary G-C*-algebras. 
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The Brown Representability Theorem [7, Corollary 2.2] shows that for every 
compact^ object A of B G there is a functor Hom(A, ,) from B G to B G such that 

KK G {A®B,D) = KK G (B,Hom( J 4,D)) 

for all B, D in B G . Using exactness properties of the internal Horn functor in 
the first variable, we then show that the class of dualisable objects in B is thick 
(see Section 2.3]). Thus all objects of the thick subcategory generated by the 
elementary G-C*-algebras are dualisable. □ 

The following lemma is well-known, see for example [25] , 

Lemma 3.14. A compact Lie group has at most countably many conjugacy classes 
of closed subgroups. 

Proof. Let H be a closed subgroup of a compact Lie group G. By the Mostow 
Embedding Theorem, G/H embeds into a linear representation of G, that is, H is 
a stabiliser of a point in some linear representation of G. Up to isomorphism, there 
are only countably many linear representations of G. Each linear representation 
has finite orbit type, that is, it admits only finitely many different conjugacy classes 
of stabilisers. Hence there are altogether at most countably many conjugacy classes 
of closed subgroups in G. □ 

Proof of Theorem ] 3. 51 Let G be a Hodgkin Lie group. The main result of [53] says 
that A belongs to the localising subcategory of KK G generated by C if and only if 
A x G belongs to the non-equivariant bootstrap category (this is special for Hodgkin 
Lie groups). Since this covers all elementary G-C*-algebras, we conclude that the 
localising subcategory generated by C contains B G and is, therefore, equal to B G . 

The same argument as in the proof of Proposition 13.131 shows that the following 
are equivalent for an object A of B G : 

• A is dualisable; 

• A is compact ^ 1 ; 

• A belongs to the thick subcategory generated by C. 

This finishes the proof of Theorem 13.51 □ 

So far we always used the bootstrap class, which is the domain where a Universal 
Coefficient Theorem holds. The next proposition is a side remark showing that we 
may also use the domain where a Kiinneth formula holds. 

Definition 3.15. An object A G KK G satisfies the Kiinneth formula if K G (A ® 
B) = for all B that satisfy K G (G ® B) = for all elementary G-C*-algebras G. 

By results of 20, 23], the assumption in Definition 13. 151 is necessary and sufficient 
for a certain natural spectral sequence that computes K G (A ® B) from KK G (G, A) 
and KK G (G, B) for elementary G to converge for all B\ we have no need to describe 
this spectral sequence. 

Proposition 3.16. Let A G KK G be dualisable with dual A* . If A or A* satisfies 
a Kiinneth formula, then both A and A* belong to B G , and vice versa. 

Proof. Since B G is generated by the elementary G-C*-algebras, KK G (G, B) = 
for all elementary G-C*-algebras G if and only if KK G (G, B) = for all G G B G . 
Any elementary G-C*-algebra G is dualisable with a dual in B G . Hence K G (G ® 
B) = KK G (G*,S) = for elementary G if KK G (G',S) = for all elementary 
G-C*-algebras G'; conversely KK G (G, B) K G (G* ® B) = for elementary G if 
K G (G' ® B) = for all elementary G-C*-algebras G'. Let us denote the class of 
G-C*-algebras with these equivalent properties B G:± . 
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It follows from [301 Theorem 3.16] that (B G ,B G ^) is a complementary pair of 
localising subcategories. In particular, if KK G (A,B) = for all B G B G ^, then 
A G B G . 

Now assume, say, that A satisfies a Kiinneth formula. Then KK G (A*,B) = 
K G (A ® S) = for all B G B G ' X . Thus A* eB g . Then K G (A* <g> B) = for all 
B G £> G± because the class of C with K G (G (g> £?) = is localising and contains all 
elementary G if £ G S G ^. As above, this implies (A*)* = A G i3 G . □ 

The proof of Theorem l3.5l above used that, for a Hodgkin Lie group, £> is already 
generated by C. For more general groups, we also expect that fewer generators 
suffice to generate B G . But we only need and only prove a result about topologically 
cyclic groups here. 

A locally compact group G is called topologically cyclic if there is an element 
g G G that generates a dense subgroup of G. A topologically cyclic group is 
necessarily Abelian. We are interested in topologically cyclic, compact Lie groups 
here. A compact Lie group is topologically cyclic if and only if it is isomorphic to 
T r x F for some r > and some finite cyclic group F (possibly the trivial group), 
where T = M/Z = U(l). Here we use that any extension T r >— > E -» F for a finite 
cyclic group F splits. This also implies that any projective representation of a finite 
cyclic groups is a representation. 

Theorem 3.17. Let G be a topologically cyclic, compact Lie group. Then the 
bootstrap class B G C KK G is already generated by the finitely many G-C* -algebras 
C(G/H) for all open subgroups H C G. 

Furthermore, an object of B G is compact^ 1 if and only if it is dualisable if and 
only if it belongs to the thick subcategory generated by C(G / H) for open subgroups 
H CG. 

Proof. The second statement about compact n x objects in B G follows from the first 
one and [7J Corollary 2.4], compare the proof of Proposition 13.131 Thus it suffices 
to prove that the objects C{G/H) for open subgroups already generate B G . For 
this, we use an isomorphism G = T r x F for some r > and some finite cyclic 
subgroup F. 

Let us first consider the special case r = 0, that is, G is a finite cyclic group. 
In this case, any subgroup of G is open and again cyclic. We observed above that 
cyclic groups have no non-trivial projective representations. Thus any elementary 
G-C*-algebra is Morita equivalent to C(G/H) for some open subgroup H in G. 
Hence the assertion of the theorem is just the definition of B G in this case. 

If F is trivial, then the assertion follows from Theorem 13.51 Now we consider 
the general case where both F and T r are non-trivial. 

The Pontryagin dual G of G is isomorphic to the discrete group Z r x F. If A 
is a G-C*-algebra, then G tx A carries a canonical action of G called the dual 
action. Similarly, G k A for a G-C*-algebra A carries a canonical dual action 
of G. This provides functors KK G KK G and KK G KK G . Baaj-Skandalis 
duality says that they are inverse to each other up to natural equivalence (see 
[H Section 6]). Since both functors are triangulated, this is an equivalence of 
triangulated categories. 

If A is type I, then so is G k A. Hence all objects in B G C KK G are KK G - 
equivalent to a G-action on a type I C*-algebra by Theorem 13. 101 

The group G is Abelian and hence satisfies a very strong form of the Baum- 
Connes conjecture: it has a dual Dirac morphism and 7 = 1 in the sense of [251 Def- 
inition 8.1]. From this it follows that any G-C*-algebra A belongs to the localising 
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subcategory of KK G that is generated by Ind^ A for finite subgroups H C G (this 
is shown as in the proof of Theorem 9.3]). 

The finite subgroups in 17 x F are exactly the subgroups of F, of course. Since 
we have induction in stages, we may assume H = F. Thus the subcategory of 
type I G-C*-algebras is already generated by Ind^, A for type I F-C*-algebras A. 
Since F is a finite cyclic group, the discussion above shows that the category of 
type I ^-C*-algebras A is already generated by Cq(F/H) for subgroups H C F. 
Thus B d is generated by the G-C*-algebras Ind| C (F/H) C (G/H). The finite 
subgroups H C G are exactly the orthogonal complements of (finite-index) open 
subgroups H C G. 

Now G x C {G/H) is Morita equivalent to C*(if) = C (G/H) for any open 
subgroup H C G, where H Q G denotes the orthogonal complement of 7? in G. The 
dual action on Cq{G/H) comes from the translation action of G. Thus the G- and 
G-C*-algebras Cq(G/H) and Cq(G/H) correspond to each other via Baaj-Skandalis 
duality. We conclude that the G-C*-algebras Cq(G/H) for open subgroups H C G 
generate £> G . □ 

Let G be topologically cyclic, say, G = T r x Z/fe for some r > 0, k > 1. Then 
open subgroups of G correspond to subgroups of Z/fc and thus to divisors d of fc. 
The representation ring of G is 

(3.1) R(G) S R(T r ) (g) R(Z/fc) = Z[xi, . . . , x r , (a* • • • as,.) -1 ] ® Z[t]/(i fc - 1). 
Let 

; fc -i = []$ d (;) 

ci|fc 

be the decomposition into cyclotomic polynomials. Each factor ^ generates a 
minimal prime ideal of R(G), and these are all minimal prime ideals of R(G). The 
localisation at this prime ideal gives the field Q(#d)(xi , . . . , x r ) of rational functions 
in r variables over the cyclotomic field Q(6d), and the product of these localisations 
is the total ring of fractions of R(G), 

S- X R(G) = l[Q(6 d )(x 1 ,...,x r ). 

d\k 

(Compare Lemma [XT]) 

Lemma 3.18. Let H C G be a proper open subgroup. The canonical map 

R(G) -> KK G (C(G/ J ff),C(G/ J ff)) 

from the exterior product in KK G factors through the restriction map R(G) — > 
K(H). The image of C(G/H) in the localisation of KK at the prime ideal ($>k) 
vanishes. 

Proof. The exterior product of the identity map on C(G/H) and £ S R(G) = 
KK G (C,C) is given by the geometric correspondence G/H = G/H — G/H with 
the class £>*(£) S Kq(G/H), wherep: G/H — > pt is the constant map. Now identify 
K° G (G/H) S K^(pt) ^ R(H) and p* with the restricton map R(G) R(if) to get 
the first statement. 

We have H = T' r x Z/d embedded via (x,j) ^ (xjk/d) into G = T r x Z/fc. If 
H ^ G, then d ^ k. The restriction map R(G) — > R(i?) annihilates the polynomial 
(t k — 1)/ $fc = Jldlfe d^fc ^<<- This polynomial does not belong to the prime ideal ($fc) 
and hence becomes invertible in the localisation of R(G) at ($&). Since an invertible 
endomorphism can only be zero on the zero object, C(G/H) becomes zero in the 
localisation of KK G at (<£>*,). □ 
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3.2. Localisation of the bootstrap class. 

Proposition 3.19. Let G = T r x Z/fc be topologically cyclic. Let B G be the thick 
subcategory of dualisable objects in the bootstrap class B G C KK G . Any object in 
the localisation of B G at the prime ideal ($fc) in R(G) is isomorphic to a finite 
direct sum of suspensions of C. 

Proof. By Theorem 13 . 1 71 an object of B G is dualisable if and only if it belongs to the 
thick subcategory generated by C(G/H) for open subgroups H C G. Lemma \'6. 181 
shows that all of them except C = G(G/G) become zero when we localise at ($&)■ 
Hence the image of B G in the localisation is contained in the thick subcategory 
generated by C. We must show that the objects isomorphic to a direct sum of sus- 
pensions of C already form a thick subcategory in the localisation of KK G at 
The graded endomorphism ring of C in this localisation is 

KK G (C, C) ® R(G) R(G) ($fc) = Q(0 k )(x u . . . , x r )[f3, /T 1 ] 

with f3 of degree two generating Bott periodicity. It is crucial that KK G (C,C) = 
F[p, /3 _1 ] for a field F :— Q(6k)(xi, . . . , x r ). The following argument only uses this 
fact. 

We map a finite direct sum A = © JG/ C[ei] of suspensions of C to the Z/2-graded 
F- vector spaces V(A) with basis / and generators of degree £{. For two such direct 
sums, KK G (A, B) is isomorphic to the space of grading-preserving F-linear maps 
V(A) — > V(B) because this clearly holds for a single summand. 

Now let / £ KK G (A, B) and consider the associated linear map V(f) : V(A) — > 
V(B). Choose a basis for the kernel of V(f) of homogeneous elements and extend 
it to a homogeneous basis for V(A), and extend the resulting basis for the image 
of V(f) to a homogeneous basis of V(B). This provides isomorphisms V(A) = 
V ®V U V(B) ^ Wi®W 2 such that f\ Vo = 0, /(Vi) = W x and f\ Vl : Vi ->• Wi is an 
isomorphism. The chosen bases describe how to lift the Z/2-graded vector spaces 
Vi and Wi to direct sums of suspensions of C. Thus the map / is equivalent to a 
direct sum of three maps /o ffi /i © /2 with /o : Aq — J> mapping to the zero object, 
/i invertible, and fi'-^^Bi with domain the zero object. The mapping cone of fo 
is the suspension of Aq, the cone of fa is B 2 , and the cone of /i is zero. Hence 
the cone is again a direct sum of suspensions of C. Furthermore, any idempotent 
endomorphism has a range object. 

Thus the direct sums of suspensions of C already form an idempotent complete 
triangulated category. As a consequence, any object in the thick subcategory gen- 
erated by C is isomorphic to a direct sum of copies of C. □ 

Proposition 3.20. Let G be a Hodgkin Lie group. Let B G be the thick subcategory 
of dualisable objects in the bootstrap class B G C KK G . Any object in the localisation 
of B G at S is isomorphic to a finite direct sum of suspensions of C. 

Proof. Theorem 13.51 shows that B G is the thick subcategory of KK generated 
by C. The localisation F := 5 _1 R(G) is a field because G is connected, and the 
graded endomorphism ring of C in the localisation of KK at S is F[j3, /3 _1 ] with /3 
the generator of Bott periodicity. Now the argument is finished as in the proof of 
Proposition EH □ 

Remark 3.21. The localisations above use the groups KK G (A, B) <8>r(g) R(G) 
for some multiplicatively closed subset S C End(l) = R(G), following [T7]. A 
drawback of this localisation is that the canonical functor KK G — > S' _1 KK G does 
not commute with (countable) coproducts. This is why Propositions 13 . LiJl and 13 . 2U1 
are formulated only for B G and not for all of B . 
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Another way to localise B G at S is described in [7J Theorem 2.33]. Both localisa- 
tions agree on B G by [7J Theorem 2.33.h]. The construction in [7] has the advantage 
that the canonical functor from KK G to this localisation commutes with small^ 
(that is, countable) coproducts. Hence analogues of Propositions l3~T!)l and l3~2T)l hold 
for the whole bootstrap category B G , with small^ coproducts of suspensions of C 
instead of finite direct sums of suspensions of C. 

3.3. The Lefschetz index computation using localisation. Now we have all 
the tools available to formulate and prove a Lefschetz index formula for general 
compact Lie groups. We first prove Theorem [231 which deals with endomorphisms 
of objects in the thick subcategory generated by C. Then we formulate and prove 
the general Lefschetz index formula. 

Proof of Theorem \3.4\ Since A belongs to the thick subcategory generated by C, 
it is dualisablc in KK G by Proposition 13.131 Hence tr(/) G R(G) is defined for 
feKK G (A,A). 

The image of tr(/) in S^ 1 R(G) is the Lefschetz index of the image of / in the 
localisation of KK G at S. The localisation S" 1 R(G) is a product of fields. It 
is more convenient to compute each component separately. This means that we 
localise at larger multiplicatively closed subsets S such that S^ 1 R(G) is one of 
the factors of S 1-1 R(G). In this localisation, the endomorphisms of C form a field 
again, not a product of fields. If our trace formula holds for all these localisations, 
it also holds for S' _1 R(G). 

Since the endomorphisms of C form a field, the same argument as in the proof 
of Proposition ^. 19l show that, in this localisation, A is isomorphic to a finite sum 
of copies of suspensions of C. Write A = A with A; = C[si] in S~ 1 KK for 

some £i G Z/2. Then / becomes a matrix (fij) with fij G S^KKq (Aj, Ai). 

The dual of Ai = C[si] is A* = C[si] = Ai, and the unit and counit of adjunc- 
tion C ^ C[£j] (S> C[si] are the canonical isomorphism and its inverse with sign 
(— l) Ei , respectively; the sign is necessary because the exterior product is graded 
commutative. Hence the dual of A is isomorphic to A, with unit and counit 

n 

C <=> A (gi A = Ai ig> Aj 

the sum of the canonical isomorphisms C ^=> A ©A, up to signs, and the zero maps 
C ^ Ai © Aj for i ^ j. Thus the Lefschetz index of / is the sum J27=i(~ ^) £i fu[ £ i] 
as an element in S f_1 KK G (C, C). This is exactly the supertrace of / acting on 
^- 1 K G (^)-0^ 1 ^- 1 R(G)[e I ]. □ 

Let G be a general compact Lie group. Let Cq denote the set of conjugacy 
classes of Cartan subgroups of G in the sense of [251 Definition 1.1]. Such sub- 
groups correspond bijectively to conjugacy classes of cyclic subgroups in the finite 
group G/G°, where G° denotes the connected component of the identity element 
in G. Thus Cq is a non-empty, finite set, and it has a single element if and only 
if G is connected. 

The support of a prime ideal p in R(G) is defind in [2S] as the smallest sub- 
group H such that p comes from a prime ideal in R(-ff) via the restriction map 
R(G) — > R(-ff). Given any Cartan subgroup H, there is a unique minimal prime 
ideal with support H , and this gives a bijection between Cq and the set of minimal 
prime ideals in R(G) (see [25J Proposition 3.7]). 

More precisely, if H C G is a Cartan subgroup, then H is topologically cyclic 
and hence H = T r x TLjk for some r > 0, k > 1. We described a prime ideal ($fc) 
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in R(-ff) before Lemma l3.181 and its preimage in R(G) is a minimal prime ideal pn 
in R(G). 

The total ring of fractions S^ 1 R(G) is a product of fields by Lemma [3.11 We 
can make this more explicit: 

S^ 1 R(G) = [] F(R(G)/p„), 

Hec G 

where F(, ,) denotes the field of fractions for an integral domain. 

Definition 3.22. Let A be dualisable in B G C KK G , let ip G KK G (A,A), and let 
H e C G . Let F := F(R(G)/p H ) and let K H (A) := Kf (A) ® R(K) F, considered 
as a Z/2-graded F-vector space. Let K#(<p) be the grading-preserving F-lincar 
endomorphism of Kh{A) induced by ip. 

Theorem 3.23. Let A be dualisable in B G C KK G , let ip 6 KK G (A, A), and Zei 
i? G Gq. Then the image oftr(ip) in F(TL(G)/pu) is the super-trace of K# (tp). 

Proof. The map R(G) — !> F(R(G)/Ph) factors through the restriction homomor- 
phism R(G) — > R(-ff) because pn is supported in H . Restricting the group action 
to H maps the bootstrap category in KK into the bootstrap category in KK H 
by Corollary 13. 121 and commutes with taking Lefschetz indices because restriction 
is a tensor functor. Hence we may replace G by H and take ip G KKq (A, A) 
throughout. 

Since H is topologically cyclic, Proposition 13.191 applies. It shows that in the 
localisation of KK H at pn, any dualisable object in B G becomes isomorphic to a 
finite direct sum of suspensions of C. Now the argument continues as in the proof 
of Theorem 13.41 above. □ 

4. Hattori-Stallings traces 

Before we found the above approach through localisation, we developed a dif- 
ferent trace formula where, in the case of a Hodgkin Lie group, the trace is iden- 
tified with the Hattori-Stallings trace of the R(G)-module map K G (/) on K G {A). 
We briefly sketch this alternative formula here, although the localisation approach 
above seems much more useful for computations. The Hattori-Stallings trace has 
the advantage that it obviously belongs to R(G). 

We work in the general setting of a tensor triangulated category (T, ®, 1). We 
assume that T satisfies additivity of traces, that is: 

Assumption 4.1. Let A — > B — > C — > A[l] be an exact triangle in T and assume 
that A and B are dualisable. Assume also that the left square in the following 
diagram 



A > B > G > A[l] 



fA Ib 



fc 



A > B > G > A 



/a[1] 
11 



commutes. Then C is dualisable and there is an arrow fc'- C — > C such that the 
whole diagram commutes and tr(/c) — tr(/e) + tr(/^) = 0. 

Additivity of traces holds in the bootstrap category B G C KK . The quickest 
way to check this is the localisation formula for the trace in Theorem l3.23l It shows 
that B G satisfies even more: tr(/c) — tr(/#) + tr(fA) = holds for any arrow fc 
that makes the diagram commute. 

There are several more direct ways to verify additivity of traces, but all require 
significant work which we do not want to get into here. The axioms worked out 
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by J. Peter May in [TH] are lengthy and therefore rather unpleasant to check by 
hand. In a previous manuscript we embedded the localising subcategory of KK 
generated by C into a category of module spectra. Since additivity is known for 
categories of module spectra, this implies the required additivity result at least for 
this smaller subcategory. Another way would be to show that additivity of traces 

G 

follows from the derivator axioms and to embed KK into a triangulated derivator. 

In the following, we will just assume additivity of traces and use it to compute 
the trace. Let 

R:=%(1,1) =0T n (l,l) 

be the graded endomorphism ring of the tensor unit. It is graded-commutative 
provided T satisfies some very basic compatibility axioms; see for details. 

If A is any object of T, then M(A) :=%(l,A) = ® neZ T n (l,A) is an i?-module 
in a canonical way, and an endomorphism / G 7~ n {A, A) yields a degree- n endomor- 
phism M(f) of M(A). We will prove in Theorem 14.21 below that, under some 
assumptions, the trace of / equals the Hattori-Stallings trace of M(f) and, in 
particular, depends only on M(f). 

Before we can state our theorem, we must define the Hattori-Stallings trace 
for endomorphisms of graded modules over graded rings. This is well-known for 
ungraded rings (see [5]). The grading causes some notational overhead. Let R be a 
(unital) graded-commutative graded ring. A finitely generated free i?-module is a 
direct sum of copies of R[n], where R[n] denotes R with degree shifted by n, that 
is R[n]i = R n +i- Let F: P — > P be a module endomorphism of such a free module, 
let us assume that F is homogeneous of degree d. We use an isomorphism 

r 

(4.1) P ^0 E[ni ] 

i=l 

to rewrite Fasa matrix (fij)i<i.j< r with i?-module homomorphisms : R[rij] —> 
R[rii\ of degree d. The entry is given by right multiplication by some element 
of R of degree m — rij + d. The (super)trace tr F is defined as 

r 

trF:=^(-l)™< tr/«; 
i=i 

this is an element of R of degree d. 

It is straightforward to check that tr F is well-defined, that is, independent of 
the choice of the isomorphism in (|4.ip . Here we use that the degree-zero part of R 
is central in R (otherwise, we still get a well-defined element in the commutator 
quotient Rd/[Rd, Ro])- Furthermore, if we shift the grading on P by n, then the 
trace is multiplied by the sign (—1)™ ~ it is a supertrace. 

If P is a finitely generated projective graded i?-module, then P © Q is finitely 
generated and free for some Q, and for an endomorphism F of P we let 

trF :=tr(F©0: P®Q->P®Q). 

This does not depend on the choice of Q. 

A finite projective resolution of a graded i?-module M is a resolution 

(4.2) ► P e % P £ _! ^ • • ■ ii> P ^ M 

of finite length by finitely generated projective graded i?-modules Pj. We assume 
that the maps dj have degree one (or at least odd degree). Assume that M has such 
a resolution and let / : M —> M be a module homomorphism. Lift / to a chain 
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map fj : Pj — > Pj, j — 0, . . . , £. We define the Hattori-Stallings trace of / as 

i 

tr(/)=^tr(/ i ). 

3=0 

It may be shown that this trace does not depend on the choice of resolution. It is 
important for this that we choose dj of degree one. Since shifting the degree by one 
alters the sign of the trace of an endomorphism, the sum in the definition of the 
trace becomes an alternating sum when we change conventions to have even-degree 
boundary maps dj. Still the trace changes sign when we shift the degree of M. 

Theorem 4.2. Let F € T(A, A) be an endomorphism of some object A of T . 
Assume that A belongs to the localising subcategory of T generated by 1 . If the 
graded R-module M(A) := 7^(1, A) has a finite projective resolution, then A is 
dualisable in 7" and the trace of F is equal to the Hattori-Stallings trace of the 
induced module endomorphism 7*(1,/) of M(A). 

Proof. Our main tool is the phantom tower over A, which is constructed in |20j . 
We recall some details of this construction. 

Let M 1 - be the functor from finitely generated projective i?-modules to T defined 
by the adjointness property T(M ± (P), B) ^ T(P, M{B)) for all B e T. The func- 
tor M 1 - maps the free rank-one module R to 1, is additive, and commutes with sus- 
pensions; this determines M x on objects. Since R=%(1, 1), %(M ± (P 1 ), M ± (P 2 )) 
is isomorphic (as a graded Abelian group) to the space of i?-module homomorphisms 
Pi — > P%. Furthermore, we have canonical isomorphisms M(M X (P)) = P for all 
finitely generated projective i?-modules P. 

By assumption, M(A) has a finite projective resolution as in (|4.2[) . Using M x , 
we lift it to a chain complex in T, with entries Pj := M (Pj) and boundary maps 
dj := M ± (dj) for j > 1. The map do: Pq — > A is the pre- image of do under the 
adjointness isomorphism T(M ± (P), B) = T(P, M(B)). We get back the resolution 
of modules by applying M to the chain complex (Pj, dj). 

Next, it is shown in |2(J| that we may embed this chain complex into a diagram 
(4.3) 

i 1 i 2 i 3 
A = N > Ni > N 2 > N 3 > • ■ ■ 

di d 2 d 3 

where the wriggly lines are maps of degree one; the triangles involving dj commute; 
and the other triangles are exact. This diagram is called the phantom tower in |20j . 

Since Pj — for j > £, the maps are invertible for j > £. Furthermore, a 
crucial property of the phantom tower is that these maps are phantom maps, 
that is, they induce the zero map on %(l,t ). Together, these facts imply that 
M(Nj) = for j > I. Since we assumed 1 to be a generator of T, this further 
implies Nj = for j > I. Therefore, A G (1), so that A is dualisable as claimed. 

Next we recursively extend the endomorphism F of A — No to an endomorphism 
of the phantom tower. We start with Fo = F: No — > No. Assume Fj : Nj Nj 
has been constructed. As in [5D], we may then lift Fj to a map Fj : Pj —t Pj such 
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that the square 

Pi — N 3 

X 7T j * 

Pi *i 

commutes. Now we apply additivity of traces (Assumption 14. ip to construct an 
endomorphism : JVj+i — > Nj + ± such that (Fj, Fj, i^+i) is a triangle morphism 
and tr(.Fj) = tr(Fj) + tr(Fj+i). Then we repeat the recursion step with Fj+\ and 
thus construct a sequence of maps Fj . We get 

tr(F) = tr(F ) = tr(F ) + tr(Fx) = ■■■ = tr(F ) + • • • + tr(F^) + tr(F m ). 

Since iYg+i — 0, we may leave out the last term. 

Finally, it remains to observe that the trace of Fj as an endomorphism of Pj 
agrees with the trace of the induced map on the projective module Pj. Since both 
traces are additive with respect to direct sums of maps, the case of general finitely 
generated projective modules reduces first to free modules and then to free modules 
of rank one. Both traces change by a sign if we suspend or desuspend once, hence we 
reduce to the case of endomorphisms of 1, which is trivial. Hence the computation 
above does indeed yield the Hattori-Stallings trace of M(A) as asserted. □ 

Remark 4.3. Note that if a module has a finite projective resolution, then it must be 
finitely generated. Conversely, if the graded ring R is coherent and regular, then any 
finitely generated module has a finite projective resolution. (Regular means that 
every finitely generated module has a finite length projective resolution; coherent 
means that every finitely generated homogeneous ideal is finitely presented - for 
instance, this holds if R is (graded) Noetherian; coherence implies that any finitely 
generated graded module has a resolution by finitely generated projectives.) 

Moreover, if R is coherent then the finitely presented R- modules form an abelian 
category, and this implies (by an easy induction on the triangular length of A) that 
for every A 6 (1) = ((l)i oc )d the module M(A) is finitely presented and thus 
a fortiori finitely generated. If R is also regular, each such M(A) has a finite 
projective resolution. 

In conclusion: if R is regular and coherent, an object A 6 (l)i oc is dualisablc if 
and only if the graded i?-module M(A) has a finite projective resolution. 
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